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xf.krh; vkStkj (MATHEMATICAL TOOLS) 
 

 xf.kr] HkkSfrdh dh Hkk"kk gSA ;fn fdlh O;fä dks xf.kr dk vPNk Kku gks rks og HkkSfrdh ds fl)kUrksa dh vklkuh ls 

O;k[;k dj ldrk gS] le> ldrk gS ,oa mUgsa mi;ksx esa ys ldrk gSA  

    

vkStkj dk mi;ksx HkkSfrd dk;ks ± esa 

vklkuh ds fy, gksrk gSA blh izdkj 

xf.krh; vkStkj dk mi;ksx la[;kRed 

iz'uksa ds gy djus es a gksrk gSA 

                                                                                 

 xf.krh; vkStkj  

          
     

 vodyu     lekdyu    lfn'k  

 U;wVu us HkkSfrd iz'uksa dks gy djus ds fy, xf.kr esa vodyu o 

lekdyu dk iz;ksx fd;kA  

dqYgkM+h ls Mksjh dks dkVuk  

lgh vkSt+kj dk p;u vR;f/kd egRoiw.kZ gS 

1. Qyu (FUNCTION) 

 Qyu nks pjksa ds e/; lEcU/k LFkkfir djus dk fu;e gS ftuesa ls ,d pj dks Lora=k ,oa nwljs pj dks ijra=k eku 

ldrs gSA 

 ftl rki ij ty mcyrk gS og leqnz dh lrg ls Å¡pkbZ ij fuHkZj djrk gS (Å¡pkbZ c<+us ij DoFkukad ?kVrk gSA)  

;gk¡ leqnz ry ls Å¡pkbZ Lora=k pj gS ,oa rki ijra=k pj gSA   

          udnh fuos'k ij C;kt] fuos'k dks tek j[kus dh le;kof/k ij fuHkZj djrk gSA ;gk¡ le; Lora=k pj gS ,oa C;kt 

ijra=k pj gSA   

 çR;sd voLFkk esa] ,d ijra=k jkf'k ftldks y dg ldrs gS ;g ,d vU; Lora=k pj jkf'k x ij fuHkZj djrh gSA vr%  

y dks lEiw.kZ :i ls x ds eku }kjk çkIr dj ldrs gS] ge dg ldrs gS fd y, x dk Qyu gS ,oa bls xf.krh; :i esa 

fuEu izdkj iznf'kZr dj ldrs gSa y = f(x). 

mailto:contact@resonance.ac.in
http://www.resonance.ac.in/reso/results/jee-main-2014.aspx


Mathematical Tools 
 

 

 

Reg. & Corp. Office : CG Tower, A-46 & 52, IPIA, Near City Mall, Jhalawar Road, Kota (Raj.) – 324005 

Website : www.resonance.ac.in | E-mail : contact@resonance.ac.in 
ADVMT - 2 

Toll Free : 1800 258 5555  | CIN: U80302RJ2007PLC024029 
 

 ;gk¡ f, Qyu dks] x Lora=k pj dks ,oa y ijra=k pj dks iznf'kZr djrk gSA  

 
 Lora=k pj (x) ds lHkh laHko eku Qyu ds izkar dgykrs gSA  

 ijra=k pj (y) ds lHkh laHko eku Qyu ds ifjlj dgykrs gSA  

 ,d Qyu f ds ckjs esa lksfp;s tks ,d izdkj dh e'khu gS ftlesa x ds eku ds :i esa izkUr esa ls dqN fuos'k djk;k 

tk;s rks ;g ifjlj esa ls f(x) ds :i esa fuxZr mRiUu djrh gSA  

 tc ge o`Ùk ds ckjs esa i<+rs gS rks {kS=kQy dks A ls rFkk f=kT;k dks r ls fu:fir djrs gSSA {kS=kQy f=kT;k ij fuHkZj 

djrk gSaA vr% dg ldrs gS] fd A, r dk Qyu gS rFkk A = f(r)A   

 lehdj.k A = r2 ,d fu;e gS tks ges ;g crkrk gS fd r ds gj ,d laHko fuos'kh eku ls fdl izdkj {ks=kQy A dk 

,d fuf'pr eku Kkr fd;k tkrk gSA  

 A = f(r) = r2 . (;g lEcU/kksa dk ,d fu;e gS] tks ;g crkrk gsa fd {ks=kQy] f=kT;k ds oxZ dks ls xq.kk djus ij 

izkIr gksrk gSA).    

 ;fn r = 1   A =  

 ;fn r = 2  A = 4 

 ;fn r = 3  A = 9 

 f=kT;k ds lHkh laHko eku Qyu ds izkar dgykrs gS rFkk {ks=kQy ds lHkh fuxZr eku Qyu ds ifjlj dgykrs gSA  

 ge lkekU;r;k Qyu dks fuEu nks çdkj ls ifjHkkf"kr dj ldrs gS : 

 1.  fdlh lw=k ds }kjk tSls y = x2 tks ,d Qyu dks fu:fir djus ds fy, ,d fuHkZj pj y dk ç;ksx djrk 

gSA 

 2.  fdlh lw=k ds }kjk tSls f(x) = x2 Qyu dks çnf'kZr djus ds fy, çrhd f  dk ç;ksx djrk gSA ;gk¡ Qyu 

dks f }kjk iznf'kZr djrs gS uk fd f(x) }kjkA, y = sin x. ;gk¡ Qyu sin gS rFkk x Lora=k pj gSA  

 

Solved Example 

Example 1. r f=kT;k dh xsan  (Bksl xksyk) dk vk;ru V fuEu Qyu }kjk fn;k tkrk gS V(r) = 34/3 (r) , 3m f=kT;k dh 

xsan dk vk;ru Kkr djks ? 

Solution : V(3) = 34/3 (3)  = 36 m3 . 
 

Example 2. ekuk Qyu F lHkh0 okLrfod la[;kvksa ds fy, lw=k F(r) = 2(r – 1) + 3 ls fn;k tkrk gSA fuos'kh ekuksa 0, 

2, x + 2, rFkk F(2) ds fy, F dk eku Kkr dhft;sA  

Solution : çR;sd fLFkfr ds fy, fn;s x;s ekuksa dks lw=k esa r ds LFkku ij çfrLFkkfir djrs gSA  

  F(0) = 2(0 – 1) + 3 = – 2 + 3 = 1 

  F(2) = 2(2 – 1) + 3 = 2 + 3 = 5 

  F(x + 2) = 2(x +2 – 1) + 3 = 2x + 5 

  F(F(2)) = F(5) = 2(5 – 1) + 3 = 11. 
 

Example 3. Qyu (x) dks fuEu izdkj ifjHkkf"kr fd;k tkrk gS (x) = x2 + 3, rks 0), (1), x2), (x+1) ,oa  1)) 

ds eku Kkr djksA 

Solution : (0) = 02 + 3 = 3 

  (1) = 12 + 3 = 4 

  (x2) = (x2)2 + 3 = x4 + 3 

  (x+1) = (x + 1)2 + 3 = x2 + 2x + 4 

  ((1)) = 4) = 42+3 = 19 
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Example 4. ;fn Qyu F dks leLr okLrfod la[;kvksa (x) ds fy, fuEu lw=k }kjk ifjHkkf"kr fd;k tk;s F(x)  = x2 rks F 

dk eku fuEu fuos'kh ekuksa ds fy, Kkr djks 0, 2, x + 2 rFkk F(2) 

Solution : F(0) = 0 

  F(2) = 22 = 4 

  F(x+2) = (x+2)2 

  F(F(2)) = F(4) = 42 = 16  
 

——————————————————————————————————  

2. f=kdks.kferh; xq.k/keZ (TRIGONOMETRY)  

2.1. dks.kksa dk ekiu rFkk fMxzh ,oa jsfM;u ds e/; lEcU/k  

 leqnz rFkk vafrfj{k foKku esa dks.k fMxzh esa ekik tkrk gSA ijUrq xf.kr 

esa dks.k dks jsfM;u esa ekik tkrk gSA D;ksfd ;g vkxs tkdj x.kukvksa 

dks vklku djrk gSA  

 ekuk ACB, r f=kT;k ds o`Ùk dk dsUnzh; dks.k gS  

 dks.k ACB ;k  dks jsfM;u esa fuEu izdkj ifjHkkf"kr fd;k tkrk gSA  

  = 
pki dh yEckbZ

frzT;k
       =  

r

AB
 

 ;fn r = 1  gks rks   =  AB  

C



r

A



B

 
 bdkbZ f=kT;k ds o`Ùk ds fy, dks.k ACB dk jsfM;u eki o`Ùkh; pki AB ds cjkcj gksrk gSA pwafd o`Ùk dh ifjf/k 2 gS 

rFkk ,d iwjs pDdj esa 360º ?kweuk gksrk gSA vr% fMxzh rFkk jsfM;u eas fuEu lEcU/k gksxkA 

  jsfM;u = 180º 

 :ikUrj.k lw=k :  

 1 fMxzh = 
180


 ( 0.02) jsfM;u  fMxzh ls jsfM;u esa ifjorZu ds fy,      ls xq.kk

180


 

 1 jsfM;u  57 fMxzh  jsfM;u ls fMxzh esa ifjorZu ds fy,       ls xq.kk 


180
  

Solved Example 

Example 1. (i) 45º dks jsfM;u esa ifjofrZr djks    (ii) /6 jsfM;u dks fMxzh esa ifjofrZr djks  

Solution : (i) 45 • 
180


 = 

4


 rad    (ii)

6


• 

180


 = 30º 

Example 2. 30º fMxzh dks jsfM;u esa ifjofrZr djksA    

Solution : 30º × 
180


 = 

6


rad 

 

Example 3. /3 jsfM;u dks fMxzh esa ifjofrZr djksA    

Solution : 
3


× 

180º


 =  60º 

Standard values    

(1)  30° = /6 rad  (2)  45o =/4 rad  (3)  60o = rad 

(4)  
90o = 

2


rad  

(5)  
120o = 

2

3


 rad  

(6)  135o = rad 

(7)  
150o = 

5

6


 rad  

(8)  180o =  rad   (9)  360o = 2 rad 

 (mi;qDr ekuksa dks Lo;a tkfp;s ,oa irk fdft;s fd ;g :ikarj.k lw=kksa dks larq"B djrs gS vFkok ugha) 
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——————————————————————————————————  

2.2. /kukRed ,oa _.kkRed dks.kksa dk ekiu%  

       

 dksbZ Hkh dks.k xy-ry esa vkn'kZ fLFkfr esa gksxk ;fn mldh iwaN ewy fcUnq ij rFkk izkjfEHkd fdj.k /kukRed x-v{k ds 

vuqfn'k gksxhA /kukRed x-v{k ls okekoZr fn'kk esa ekis x;s dks.k /kukRed gksxsa ,oa nf{k.kkoZr fn'kk esa ekis x;s dks.k 

_.kkRed gksxsaA  

 

x

y

9

4

    

x

y

3

4
–

  

2.3. N% ewyHkwr f=kdks.kferh; Qyu %  

 

 f=kdks.kferh; Qyu ds dks.k  dk x, y rFkk r ds inksa esa izn'kZuA 

 Sine :  sin = 
yEc

d.kZ
 = 

y

r
  Cosecant : cosec = 

d.kZ

yEc
= 

r

y
 

 Cosine : cos = 
vk/kkj

d.kZ
 =

x

r
  Secant : sec = 

d.kZ

vk/kkj
 =

r

x
  

 Tangent : tan = 
yEc

vk/kkj
 = 

y

x
   Cotangent : cot =  

vk/kkj

yEc
 = 

x

y
 

 f=kdks.kferh; Qyu dk eku : 

 ;fn fp=k esa iznf'kZr or̀ dh f=kT;k r = 1 gks, rks sin  o cos  dks ifjHkkf"kr djus okyh lehdj.k fuEu gksxh&  

 cos  = x, sin  = y  

 bl fLFkfr esa ge cosine rFkk sine ds eku fcUnq P ds funsZ'kkadksa ls lh/ks gh fy[k ldrs gSA   
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Solved Example 

Example 1. iznf'kZr fp=k esa lHkh N% f=kdks.kferh; vuqikr Kkr djksA 



5

3

4

 

Solution : sin = 
yEc

d.kZ
 =

4

5
    cos = 

vk/kkj

d.kZ
 = 

3

5
 

  tan = 
yEc

vk/kkj
=

4

3
   cot= 

vk/kkj

yEc
 = 

3

4
 

  sec = 
d.kZ

vk/kkj
 = 

5

3
  cosec  = 

d.kZ

yEc
 = 

5

4
 

 

Example 2. ;fn bdkbZ o`Ùk esa fcUnq P ds funsZ'kkad fp=kkuqlkj gks rks dks.k  ds fy, sine ,oa cosine Kkr dhft,A 

Solution :  

   

y
















2

3
,

2

1

2

3

2

1
x

1

P



                     

  cos   = P dk x-funZs'kkad = –
1

2
 

  sin  = P dk y-funZs'kkad  = 
3

2
. 

———————————————————————————————————   
2.4. 90° ls cM+s dks.kksa ds f=kdks.kferh; vuqikr Kkr djus ds fu;e  

 

f=kdks.kferh; Qyuksa ds /kukRed ,oa _.kkRed 

gksus dk irk yxkus ds fy, fu;e dks

mi;ksx esa fy;k tkrk gSa bls ds Øe esa 

;kn j[kk tk ldrk gSA 

CAST 

ASTC 

(After school to college)

II  
nd
prqFkkZa'k

III  
rd
prqFkkZa'k IV  

th
prqFkkZa'k

I  
st
prqFkkZa'k

/kukRed

lHkh /kukRed/kukRed

/kukRed

fu;e

 
Step-1.   ml prqFkkZa'k dk p;u dhft, ftlesa dks.k fo|eku gSA  

Step-2.   

(a) ;fn dks.k (n  ± ) gks tgk¡ n ,d iw.kk±d gSA rc    

   (n ± ) dk f=kdks.kferh; Qyu  dk leku f=kdks.kferh; Qyu (fpUg dk fu/kkZj.k CAST fu;e }kjk 

djsaA) 

(b) ;fn dks.k (2n 1)
2

 
   

 
 gks tgk¡ n ,d iw.kk±d gSA rc    
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  (2n 1)
2

 
   

 
 dk f=kdks.kferh; Qyu  dk iwjd f=kdks.kferh; Qyu 

   (fpUg dk fu/kkZj.k CAST fu;e }kjk djsaA) 

  dqN ekud dks.kksa ds fy, sin , cos  rFkk tan  ds eku  

  

Degree 0 30 37 45 53 60 90 120 135 180

Radians 0 / 6 37 /180 / 4 53 /180 /3 / 2 2 /3 3 / 4

sin 0 1/ 2 3 /5 1/ 2 4 /5 3 / 2 1 3 / 2 1/ 2 0

cos 1 3 / 2 4 /5 1/ 2 3 /5 1/ 2 0 1/ 2 1/ 2 1

tan 0 1/ 3 3 / 4 1 4 /3 3 3 1 0

        



   

   

 

Solved Example 

Example 1. sin 120° dk eku Kkr djksA    

Solution :  sin 120° = sin (90° + 30°) = cos 30° = 
3

2
  

  Aliter : sin 120° = sin (180° – 60°)  =  sin 60° = 
3

2
 

Example 2. cos 135° dk eku Kkr djksA  

Solution :  cos 135° = cos (90° + 45°) = – sin 45° = – 
2

1
 

 

Example 3. cos 210° dk eku Kkr djksA   

Solution :  cos 210° = cos (180° + 30°) = – cos30° = –
2

3
 

 

Example 4. tan 210° dk eku Kkr djksA   

Solution : tan 210° = tan (180° + 30°) = tan 30° = 
3

1
      

———————————————————————————————————  
2.5. lkekU; f=kdks.kferh; lw=k %   

1. cos  + sin   = 1

1 + tan   = sec  .

1+ cot   = cosec .

2 2

2 2

2 2

 

 

  

    

2.            cos(A + B) = cos A cos B – sin A sin 
                sin( A + B)  = sin A cos B + cos A sin B

tan (A+B)  =  

B

BtanAtan1

BtanAtan





  

3. sin 2 = 2 sin  cos     

4. f=kHkqt ds fy, cosine fu;e 

  cos 2  = cos2  – sin2  

  = 2cos2  – 1 = 1 – 2sin2       

  



a

b

c
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  cos2  = 
2

2cos1 
 

  sin2  =  
1– cos2

2


   c2 = a2 + b2 – 2ab cos   

  f=kHkqt ds fy, sine fu;e 

  

 


a

b

c

 

  
sin sin sin

a b c

  
   

3. vodyu (DIFFERENTIATION)    

3.1. fuf'pr vUrj% 

 nks HkkSfrd jkf'k;ksa ds chp ds fuf'pr vUrj dks  fpUg ls çnf'kZr djrs gSA 

 mnkgj.k ds fy, : y ds nks ekuksa ds chp ds vUrj dks y ls fuEu rkfydk esa çnf'kZr gS –& 

y2 100 100 100 

y1 50 99 99.5 

y = y2 – y1 50 1 0.5 

 vfrlw{e vUrj :  

 vfr lw{e vUrj dk eryc cgqr NksVk vUrj gksrk gSA bl vUrj dks ‘’ ds LFkku ij dfpUg ls çnf'kZr djrs gSA 

 mnkgj.k ds fy, y esa vfrlw{e vUrj dks ‘dy’  ls fy[krs gSA 

 ;fn y2 = 100  and y1 = 99.99999999........  

 rks dy = 0.000000...................00001 
 

3.2. vodyu dh ifjHkk"kk % 

 vodyu dk nwljk uke vodyt+ Hkh gSA dYiuk dhft, fd y, x dk ,d Qyu gSA vFkkZr y = f(x), y ds x ds lkis{k 

vodyu dks f ’(x)  }kjk iznf'kZr djrs gSA  

 tgk¡ f ’(x) = 
dx

dy
 x ds eku esa vR;Yi ifjorZu dx gS rFkk blds laxr y ds eku esa vR;Yi ifjorZu dy gSA 

  

y´ “y prime” or “y dash” vPNk o laf{kIr ij eqDr pj dks ugha crkrkA 

dx

dy
 “dy by  dx” 

pj dks ukekafdr djrk gS rFkk d dks vodyu ds fy, 

mi;ksx djrs gSA 

dx

df
 “df by dx” Qyu ds uke dks mtkxj djrk gSA 

)x(f
dx

d
 “d by dx  of  f” vodyu f ij dh gqbZ ,d lafØ;k gSA 

Dxf “dx  of  f” ,d lkekU; lapkyd ladsrA 

y  

 

 
f´(x) 

“y  dot” 
 
 
 

f dash x 

U;wVu dk ,d ladsr tksfd vc le; vodyu ds 

:i esa, 
dt

dy
 gSA 

vR;f/kd çpfyr ladsrA Lora=k pj dks ukekafdr 

djrk gS rFkk Qyu ds uke dks mtkxj djrk gSA 

 

 
 

 ladsr : y = f(x) Qyu ds vodyu dks dbZ çdkj ls çnf'kZr djrs gSA buesa f(x), lcls çpfyr ladsr gS : 
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3.3. js[kk dk <ky %  

 fdlh js[kk }kjk /kukRed x v{k dh fn'kk ls okekorZ fn'kk esa cuk;s x;s dks.k dk tan ysus ij ml js[kk dk <ky izkIr 

gksrk gS A 

 <ky = tan  (izFke prqFkk±'k esa tan  /kukRed ,oa f}rh; esa _.kkRed gksrk gS)  

 fp=k-1 esa <ky /kukRed gS      fp=k-2 esa <ky _.kkRed gS 

  < 90° (izFke prqFkk±'k)          > 90° (f}rh; prqFkk±'k)  

       

3.4. ifjorZu dh vkSlr nj % 

 fn, gq, Qyu y = f(x), ds fy, vUrjky (x , x + x)  ds chp ge y ds 

ifjorZu dh vkSlr nj x ds lkis{k Kkr djus ds fy, y ds eku esa 

ifjorZu dks y = f(x + x) – f(x), dks vUrjky dh vof/k x ls 

foHkkftr djrs gSA vUrjky [x, x + x] esa x ds lkis{k y ds ifjorZu dh 

vkSlr nj =  
y f(x x) f(x)

x x

   


 
 

 T;kferh; :i esa 
y

x




=

QR

PR
 = tan  = js[kk PQ dk <ky    

 vr% ge ;g dg ldrs gS fd y ds eku esa x ds lkis{k ifjorZu dh 

vkSlr nj js[kk PQ ds <ky ds cjkcj gksrh gSA 

 

x 

y 

x+x  

P 

Q 

 y 

R 

f=kHkqt QPR esa tan = 
 

   

 

3.5. Qyu dk vodyu 

 ge tkurs gS fd y dh x ds lkis{k ifjorZu dh vkSlr nj = 
x

y




= 

x

)x(f–)xx(f




 

 ;fn x  0, gks rks ;g Qyu dk vodyt dgykrk gSA f ’(x) = 
dx

dy
= 

lim

0x   
x

)x(f–)xx(f




  

 

3.6. vodyu dk T;kferh; vFkZ %  

 HkkSfrdh esa xzkQ ds v/;;u ds fy, vodyu ds T;kferh; vFkkZs dk egRo vR;f/kd gksrk gSA vodyt ds T;kferh; 

vFkZ dks le>us ds fy, gesa fdlh oØ dh thoka ,oa Li'kZ js[kk dk Kku gksuk t:jh gSA  

 oØ dh thok ,oa Li'kZ js[kk  

 thok : fdlh oØ ds nks fcUnqvksa dks feykus okyh js[kk oØ dh thoka dgykrh gSA   
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 Li'kZ js[kk : oØ ds fdlh fcUnq dks Li'kZ djds xqtjus okyh ljy js[kk Li'kZ js[kk dgykrh gSA oØ dh Li'kZ js[kk 

thoka dh og fo'ks"k fLFkfr gS tc thoka fdUgh nks fudVLFk fcUnqvksa dks dkVrh gksA 

  

x

y

x+ x

y+ y

P

Q



y

x
R

Figure - 1  
 iznf'kZr fp=k-2 esa ;fn x ds eku dks /khjs&/khjs de fd;k tk;s rks fcUnq Q fcUnq P dh vksj xfr djsxkA ;fn mijksDr 

izØe dks fujUrj fd;k tk;s rks x dk eku vR;Yi gks tk;sxk ,oa thoka PQ Li'kZ js[kk cu tk;sxhA blfy, 

 












 x

y

0x
 = 

dx

dy
= tan      

 vr% ge ;g dg ldrs gS fd y dk x, ds lkis{k vodyu 








dx

dy
fcUnq P (x, y) ij Li'kZ js[kk ds <ky ds cjkcj gksrk gSA  

x

y

x+ x

y+ y

P

Q

Q

Q

Q



y

x
R

Figure - 2  
 tan = dy/dx   

 (mijksDr fp=k 1 esa y dh x ls x + x rd ifjorZu dh vkSlr nj thoka PQ ds <ky ds cjkcj gksrh gSA)   
    

3.7. vodyu ds fy, fu;e  

fu;e la[;k 1 :  vpj dk vodyu  
                                    

 
 vodyu dk çFke fu;e gS fd çR;sd vpj Qyu dk vodyu 'kwU; gSA  

 ;fn c vpj gS, rc c
dx

d
= 0. 

 
 

Example 1. 0)8(
dx

d
 , 0

2

1

dx

d









 ,   03

dx

d
  

fu;e la[;k 2 : ?kkr fu;e 
 

 
 ;fn n ,d okLrfod la[;k gS] rc 1nn nxx

dx

d  .  

 ?kkr fu;e  ds mi;ksx ds fy,] ge ewy ?kkrkad (n) esa ls ,d 1 ?kVk nsrs gS vkSj ifj.kke dks n ls xq.kk dj nsrs gSA 
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Example 2. 
f x x

2
x

3
x

4
....

f' 1 2x 3x
2

4x
3

....
   

Example 3. (i)  








x

1

dx

d
 = 

dx

d
(x–1) = (–1)x–2 = 

2x

1
    

  (ii)  







3x

4

dx

d
 = 

dx

d
4  (x–3) = 4(–3)x–4 = 

4x

12
 . 

 

Example 4. (a)  )x(
dx

d 2/1  = 2/1x
2

1   = 
x2

1
    

             |              | 

   Qyu x  0 ds fy, ifjHkkf"kr gSA    vodyu dsoy x > 0 ds fy, ifjHkkf"kr gSA   

  (b)  )x(
dx

d 5/1          =    5/4–x
5

1
     

               |         | 

    Qyu x  0 ds fy, ifjHkkf"kr gSA vodyu x = 0 ij ifjHkkf"kr ugha gSaA 
 

fu;e la[;k 3 : vpj xq.kkad fu;e 

 
 ;fn u,x  dk vodyuh; Qyu gS vkSj c ,d vpj gS rc )cu(

dx

d
= 

dx

du
c     

 fo'ks"k :i ls, ;fn n ,d /kukRed iw.kkZad gS] rc )cx(
dx

d n = cn xn–1 

 
 

Example 1. vodyu lw=k )x3(
dx

d 2  = 3(2x) = 6x n'kkZrk gS fd ;fn ge y = x2 ds vkjs[k dks iqu% ewY;kafdr djrs gS 

rks y-funsZ'kkad dks 3 ls xq.kk djrs gSa] rc çR;sd fcUnq ij <ky dks 3 ls xq.kk djrs gSA 

 

Example 2. fo'ks"k mi;ksxh fLFkfr ,d vodyuh; Qyu ds _.kkRed Qyu dk vodyu] Qyu ds vodyu dk 

_.kkRed gksrk gSA fu;e 3 ls, c = –1 nsrk gSA  

  )u(
dx

d
  = )u1(

dx

d
  = –1  )u(

dx

d
=

dx

d
  (u) 

 

fu;e la[;k 4 : ;ksx fu;e                                    

 
 nks vodyuh; Qyuksa ds ;ksx dk vodyu muds vodyuksa dk ;ksx gksrk gSA 

 ;fn u o v ;g nksuksa x ds vodyuh; Qyu gks rks mudk ;ksx u + v çR;sd fcUnq ij vodyuh; gksaxk] tgka u o 

v nksauks muds vodyuksa ds vodyuh; Qyu gSA 

   )vu(
dx

d
  = ]v)1(u[

dx

d
  =

dx

dv

dx

du

dx

dv
)1(

dx

du
   

 ;ksx fu;e dks ] nks ls vf/kd Qyuksa ds fy, vkSj foLrkfjr :i ls dsoy ifjfer la[;k ds Qyuksa ds ;ksx ds 

fy, ç;qDr dj ldrs gSA ;fn u
1
, u

2
,.......u

n
 ,x ds vodyuh; Qyu gS] rc u

1
 + u

2
 + .....+ u

n
 Hkh x dk 

vodyuh; Qyu gS vkSj 

   )u.....uu(
dx

d
n21   = 

dx

du
.......

dx

du

dx

du n21  . 
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Example 1. (a)  y = x4 + 12x  (b)  y = x3 + 
3

4
x2 – 5x + 1 

   )x12(
dx

d
)x(

dx

d

dx

dy 4    )1(
dx

d
)x5(

dx

d
x

3

4

dx

d
x

dx

d

dx

dy 23 







  

   = 4x3 + 12   = 3x2 + 
3

4
.2x – 5 + 0 = 3x2 + 

3

8
x – 5. 

  /;ku nsa fd ge fdlh Hkh cgqinh; Qyu dk vodyu ,d ds ckn ,d vyx&vyx Qyu dk vodyu djds 

Kkr dj ldrs gS] tSlk dh mijksDr mnkgj.k esa cgqinh; inksa dk vodyu fd;k x;k gSA 

fu;e la[;k 5 :  xq.kuQy fu;e 

 
 ;fn u o v, x ij vodyuh; gS rc uv ds xq.kuQy dk vodyu fuEu izdkj ls gksrk gSA  

 
dx

d
 (uv) =

dx

du
v

dx

dv
u    

 uv ds xq.kuQy dk vodyu v ds vodyu dk u xq.kk o  u ds vodyu dk v xq.kk dk ;ksx gSA çkjfEHkd ladsrksa esa]  

 (uv)’ = uv’ + vu’ 

 

                                    

 tcfd nks Qyuksa ds ;ksx dk vodyu muds vodyuksa dk ;ksx gS ysfdu nks Qyuksa ds xq.kuQy dk vodyu muds 

vodyu dk xq.kuQy ugh gksrk gSA blds fy,]  

 
dx

d
(x.x) = 

dx

d
(x2) = 2x,   tcfd 

dx

d
(x).

dx

d
(x) = 1.1 = 1. 

 

Example 1. y = (x2 + 1) (x3 + 3) dk vodyu Kkr dhft,A 

Solution : xq.kuQu fu;e ls u = x2 + 1 o v = x3 + 3,  

  ge Kkr djrs gS  )]3x)(1x[(
dx

d 32   = (x2 + 1) (3x2) + (x3 + 3) (2x) 

  = 3x4 + 3x2 + 2x4 + 6x = 5x4 + 3x2 + 6x. 

  ifj.kkeh vodyu dks fn;s x;s okLrfod Qyu dks xq.kk djds Hkh Kkr dj ldrs gSA 

  y = (x2 + 1) (x3 + 3) = x5 + x3 + 3x2 + 3 

  
dx

dy
= 5x4 + 3x2 + 6x. 

  ;g gekjh igyh x.kuk dk ifjek.k gSA bl le; bl çdkj ds mnkgj.kksa ds fy, ;g fu;e ç;ksx esa ysrs gSA 
 

Example 2. ekuk y = uv Qyu u o v dk xq.kuQy gSA Kkr djks y’(2) ;fn u(2) = 3, u’(2) = –4, v(2) = 1, rFkk v’(2) = 2 

Solution : xq.kuQu fu;e ls, y’ = (uv)’ = uv’ + vu’ , 

  vr% y’(2) = u(2)v’(2) + v(2) u’ (2) = (3) (2) + (1) (–4) = 6 – 4 = 2. 
 

fu;e la[;k 6 :  foHkktd fu;e 

 
 ;fn u o v, x ij vodyuh; gS rFkk v(x)  0, rks u/v, x ij vodyuh; gSA  

 rFkk 








v

u

dx

d
=

2v

dx

dv
u

dx

du
v 

 

 
 

 nks vodyuh; Qyuksa ds xq.kuQy dk vodyu muds vodyu ds xq.kuQy ds leku ugha gksrkA blh çdkj nks 

Hkktd Qyuksa dk vodyu muds vodyuksa dk Hkktd ugha gksrk gSA  
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Example 1. y = 
1t

1t
2

2




 dk vodyu Kkr djksA 

Solution : ge foHkktd fu;e yxk,saxs u = t2 – 1 rFkk v = t2 + 1 : 

  
dt

dy
 = 

22

22

)1t(

t2).1t(t2).1t(




  

2v

)dt/dv(u)dt/du(v

v

u

dt

d 









 

  =
22

33

)1t(

t2t2t2t2




 = 

22 )1t(

t4


. 

fu;e la[;k 7 : T;k Qyu dk vodyu 

 
 xcos)x(sin

dx

d
  

  

Example 1.  (a)  y = x2 – sin x : 
dx

dy
= )x(sin

dx

d
x2    vUrj fu;e  

        = 2x – cos x  

   (b)  y = x2 sin x : 
dx

dy
= x2

dx

d
(sin x) + 2x sin x xq.ku fu;e  

     = x2 cos x + 2x sin x 

   (c)  y = 
x

xsin
: 

dx

dy
= 

2x

1.xsin)x(sin
dx

d
.x 

   Hkktd fu;e  

    =
2x

xsinxcosx 
. 

fu;e la[;k 8 : dksT;k Qyu dk vodyu 

 
 xsin)x(cos

dx

d
  

 
 

 

Example 1. (a)  y = 5x + cos x 

   
dx

dy
 =

dx

d
(5x) + 

dx

d
(cos x)   ;ksx dk fu;e  

            = 5 – sin x 

  (b)  y = sin x cos x  

   
dx

dy
 = sinx

dx

d
 (cosx) + cosx

dx

d
 (sinx)  xq.ku dk fu;e 

          = sin x(– sin x) + cos x (cos x) = cos2 x – sin2 x 
 

fu;e la[;k 9 : dqN f=kdks.kfefr Qyuksa ds vodyu  

 D;ksafd sin x rFkk cos x vodfyr Qyu gS] lacaf/kr Qyu  

  tan x = 
xcos 

x sin
 ;   sec x =

x cos

1
   

  cot x =  
x sin

x cos
;  cosec x =

x sin

1
   

 x ds ml çR;sd eku ds fy, vodyuh; gS ftl ij os ifjHkkf"kr gSA muds vodyu fHkUu fu;e (Hkktd fu;e) ls 

fuEufyf[kr lw=kksa ds }kjk fn;k tkrk gSA 
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dx

d
 (tan x) = sec2 x  ;  

dx

d
(sec x) = sec x tan x    

   
dx

d
 (cot x) = – cosec2 x ;  

dx

d
(cosec x) = – cosec x cot x 

 
 

 

Example 1. dy/dx Kkr djks ;fn y = tan x   

Solution : 
dx

d
(tan x) = 

dx

d









xcos 

x sin
 = 

xcos

)x(sin
dx

d
xcos

2

x)(cos  
dx

d
 x sin – 

  

  =
xcos

cos
2

 x) (–sin x sin – xcos  x 
=

xcos

xsinxcos
2

22 
 = 

xcos

1
2

 = sec2 x   

 

Example 2.  (a) 
dx

d
(3x + cot x) = 3 + (cot x) = 

dx

d
3 – cosec2 x  

   (b)  
dx

d









xsin

2

 
= 

dx

d
 (2cosec x) = 2

dx

d
(cosec x)   

   = 2 (–cosec x cot x) = – 2 cosec x cot x   

fu;e la[;k 10 : y?kqx.kdh; rFkk pj ?kkrkadh Qyuksa dk vodyu 

 
  

x

1
xlog

dx

d
e                                      

   xx ee
dx

d
  

 
 

 

Example 1. y = ex . loge (x) 

   xe
dx

d

dx

dy
  . log (x) +. 

dx

d
 [loge (x)] ex  

dx

dy
 = ex . loge (x) + 

x

ex

 

fu;e la[;k 11 : J`a[kyk fu;e ;k "var% ckº;" fu;e                                      
 

 
dx

dy
= 

du

dy
.

dx

du
  

 J`a[kyk fu;e dks fuEu çdkj lkspus ij dqN ykHk gks ldrk gS ;fn y = f(g(x)),  )x('g)].x(g['f
dx

dy
 . 

 
 

 'kCnksa esa : dy/dx çkIr djus ds fy, igys ckgjh Qyu  f dks vodfyr dj g(x) dks vdsyk NksM+ nsrs gS] blds ckn 

vkUrfjd Qyu dks vodfyr dj xq.kk dj nsrs gSA 

 ge tkurs gS fd sin x rFkk x2 – 4, dk vodyu fdl izdkj fd;k tkrk gS] ijUrq vc gesa sin (x2 – 4) tSls fefJr 

Qyuksa dk vodyu djuk gSA bldks ge Jà[kyk fu;e ls dj ldrs gS ftlds vuqlkj nks vodyuh; Qyuksa ls cus 

fefJr Qyu dk vodyu ml fcUnq ij muds vodyuksa dk xq.kuQy gksrk gSA J̀a[kyk dk fu;e lHkh vodyu esa 

lcls vf/kd ç;qDr fd;s tkus okyk vodyu fu;e gSA  

Solved Example 

Example 1. Qyu y = 6x – 10 = 2(3x – 5) nks Qyuksa y = 2u rFkk u = 3x – 5 dk feJ.k gSA bu rhuksa Qyuksa ds 

vodyu fdl çdkj lEcfU/kr gS ?  

Solution : ge tkurs gS fd 
dx

dy
= 6,  

du

dy
= 2, 

dx

du
 = 3.  

  pawfd 6  =  2.3,   

  
dx

dy
= 

du

dy
.

dx

du
  

  D;k ;g nq?kZVuk gS \ 
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dx

dy
= 

du

dy
.

dx

du
  

  ;fn ge vodyu dks ifjorZu dh nj le>rs gS rks ge eglwl dj ldrs gS fd ;g lEcU/k lkFkZd gSA  

y = f(u) rFkk u = g(x) , ;fn y esa ifjorZu dh nj u esa ifjorZu dh nj dk nqxuk rFkk u esa ifjorZu dh nj 

x ls  3 xq.kk gks rks y esa ifjorZu dh nj x esa ifjorZu dh nj ls 6 xq.kk rst gksxhA  
 

Example 2. vodyu djus ds fy, ge dHkh&dHkh nks ls vf/kd ckj Hkh Jà[kyk fu;e ç;qDr djrs gSA ;g ,d mnkgj.k 

ysrs gSA g(t) = tan (5 – sin 2t)   

Solution : g(t) = 
dt

d
 (tan(5– sin 2t) = sec2 (5– sin 2t). 

dt

d
 (5 – sin 2t)    

  

tan u 

u = 5 – sin 2t 

5 – sin u 
u = 2t 

dk vodyu 

ds lkFk

dk vodyu ds lkFk  

  = sec2 (5 – sin 2t) . (0 – (cos 2t) . 
dt

d
 (2t)  

  = sec2 (5 – sin 2t) . (– cos 2t).2  = –2(cos 2t) sec2 (5 – sin 2t)  

Example 3. (a)  

Qyu ij ifjHkkf"kr gS[–1 , 1] 

dx

d
(1 – x )  =      (1 – x )  (–2x)  

2 1/4 2 –3/4

4

1
   u = 1 – x2 vkSj n = 1/4      

   vodyt dsoy  ij ifjHkkf"kr gS (–1 ,1)

4/32 )x–1(2

x–

 

  (b)  
dx

d
sin 2x = cos 2x 

dx

d
2x = cos 2x . 2 = 2 cos 2x 

 

  (c) 
dt

d
(A sin (t + ) = A cos (t + ) 

dt

d
(t + ) 

   = A cos (t + ). . = A  cos (t + )  
 

fu;e la[;k 12 : ?kkr J`a[kyk fu;e                                  

 
 ;fn u(x) ,d vodyuh; Qyu gS rFkk tgk¡ n ,d okLrfod la[;k gS rks un vodyuh; gksrk gSA  

 nu
dx

d
 = 

dx

du
nu 1n ,   nR   

 
 

Example 1. (a)  xsin
dx

d 5  = 5 sin4 x  
dx

d
 (sin x)      [u = sin x rFkk n = 5]   

    = 5 sin4 x cos x  

   (b)  
dx

d
 (2x + 1)–3  = – 3(2x + 1)–4 

dx

d
(2x + 1)  [u = 2x + 1, n = –3]  

     = – 3(2x + 1)–4 (2) = – 6 (2x + 1)–4  

   (d)  
dx

d









2–x3

1
= 

dx

d
(3x – 2)–1     [u = 3x – 2 rFkk n = –1]    

   = – 1(3x – 2)–2 
dx

d
 (3x – 2) = –1 (3x – 2)–2 (3) = – 

2)2–x3(

3
  

    (d) esa ge Hkktd fu;e ls Hkh vodyu çkIr dj ldrs gSA  
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Example 2. 
dx

d
 (Ax + B)n  dk eku Kkr dhft,A  

Solution : ;gk¡ u = Ax + B, du/dx = A   

     d/dx (Ax + B)n    = n(Ax + B)n–1 . A  

fu;e la[;k 13 : jsfM;u dk fMxzh ds lkFk vodyu 

 
 

dx

d
sin(x°) = 

dx

d
sin 







 

180

x
= 

180


cos (

180


) = 

180


 cos(x°) . 

 

 

 

——————————————————————————————————  

3.8. f}vodyu  

 ;fn f ,d vodyuh; Qyu gS rks bldk vodyt f  Hkh ,d Qyu gksxkA blfy;s f  dk Hkh Lo;a dk vodyt gks 

ldrk gS ftls (f ) = f  ls O;Dr djrs gsaA ;g u;k Qyu f , f dk f}rh; vodyt dgykrk gS] D;ksafd ;s f ds 

vodyt dk vodyt gSA yscuht ds ladsrkadksa dk mi;ksx djrs gq,] ge y = f (x) dk f}rh; vodyt ,sls fy[k 

ldrs gSa :  
2

2

dx

yd

dx

dy

dx

d









   

 nwljs ladsrkad gS f (x) = D2 f (x) = D2f (x) 

Solved Example 

Example 1. ;fn f(x) = x cos x, rks f(x)  Kkr djksA  

Solution :  xq.ku fu;e ls] ge tkurs gSa fd f (x) = x
dx

d
(cos x) + cos x 

dx

d
(x) = – x sin x + cos x  

  f(x) Kkr djus ds fy;s ge f (x)  dk vodyu djrs gSa :  

  f (x) =
dx

d
(–x sin x + cos x) = – x

dx

d
(sin x) + sin x

dx

d
(– x) + 

dx

d
(cos x)  

  = – x cos x – sin x – sin x = – x cos x – 2 sin x   

———————————————————————————————————  
 f}rh; vodyt dk vFkZ   

 ge f (x) dh O;k[;k oØ y = f ’(x) ds fcUnq (x, f ’(x)) ij >qdko (slope) ls dj ldrs gSA nwljs 'kCnksa esa] ;s 

okLrfod oØ y = f(x) ds >qdko esa ifjorZu dh nj gSA lkekU;r;k ge f}rh; vodyt dh O;k[;k okLrfod oØ ds 

>qdko esa ifjorZu dh nj ls dj ldrs gSaA  

 ;fn s = s(t) ,d oLrq dk fLFkfr lfn'k gS tks fd ,d ljy js[kk esa xfr djrh gS rks ge tkurs gSa fd bldk izFke 

vodyt oLrq ds osx v(t) dks le; ds Qyu ds :i esa O;Dr djrk gSA  

  v(t) = s’(t) = ds/dt  

 le; ds lkis{k osx dh rkR{kf.kd ifjorZu dh nj dks oLrq dk Roj.k a(t) dgrs gSaA vr% Roj.k Qyu] osx Qyu dk 

vodyt gS] blfy;s ;s fLFkfr Qyu dk f}rh; vodyt gS  :  

  a(t) = v ’ (t) = s’’ (t)   ;k yscuht ds ladsrksa esa, a = 
dt

dv
=

2

2

dt

sd
   

Example 2. ,d d.k dh fLFkfr ,d lehdj.k ds }kjk uhps nh xbZ gS] s = f (t) = t3 – 6t2 + 9t  ;gk¡ t ls- esa rFkk s eh- esa gS  

   (a) le; t ij Roj.k Kkr djks ? 4 ls- ds i'pkr~ Roj.k D;k gksxk ?  

Solution :   (a) osx Qyu fLFkfr Qyu dk vodyt gS blhfy;s  

   s = f (t) = t3 – 6t2 + 9t    v(t) = ds/dt = 3 t2 – 12 t + 9   

   Roj.k osx Qyu dk vodyt gS blhfy;s : 

   a (t) = 
2

2

dt

sd
= 

dt

dv
= 6t – 12   a(4) = 6(4) – 12 = 12 m/s2      
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———————————————————————————————————  
3.9. vodyt ds vuqiz;ksx   

3.9.1 vodyu % (ifjorZu dh nj)  

 ‘y’ esa ‘x’ ds lkis{k ifjorZu dh nj =  dy/dx 

 mnkgj.k ds fy, :  

(i) v = dx/dt bldk eryc osx ‘v’ ; foLFkkiu ‘x’ dh le; ‘t’ ds lkis{k ifjorZu dh nj gSA    

(ii) a = dv/dt bldk eryc Roj.k ‘a’ ; osx ‘v’ dh le; ‘t’ ds lkis{k ifjorZu dh nj gSA    

(iii) F = dp/dt bldk eryc cy ‘F’ ; laosx ‘p’ dh le; ‘t’ ds lkis{k ifjorZu dh nj gSA    

(iv)  = dL/dt bldk eryc cyvk?kw.kZ ‘’ ; dks.kh; laosx ‘L’ dh le; ‘t’ ds lkis{k ifjorZu dh nj gSA    

(v) Power ¼'kfDr½ = dW/dt bldk eryc 'kfDr ‘P’ ; dk;Z ‘W’ dh le; ‘t’ ds lkis{k ifjorZu dh nj gSA    

(vi)  = dq/dt bldk eryc /kkjk ‘’ ; vkos'k ‘q’ dh le; ‘t’ ds lkis{k ifjorZu dh nj gSA  

Solved Example 

Example 1. o`Ùk dk {ks=kQy A mlds O;kl ls  A = 
4


D2  lehdj.k }kjk lacaf/kr gSA O;kl ds lkis{k {ks=kQy esa ifjorZu 

dh nj fdruh rst gksxh] tc O;kl 10 m gS ? 

Solution : O;kl ds lkis{k {ks=kQy ds ifjorZu dh nj ¼rkR{kf.kd½ 
dD

dA
 = D2

4


=

2

D
 tc D = 10 m gks rks {ks=kQy 

ifjorZu dh nj (/2) 10 = 5 m2/m gSA bldk vFkZ gS fd O;kl esa NksVk D m ifjek.k dk ifjorZu gksus 

ij o`Ùk ds {ks=kQy esa yxHkx 5 D m2 dk ifjorZu gksxkA  
 

Example 2. izk;ksfxd o lS)kfUrd tk¡p n'kkZrh gS fd fojkekoLFkk ls ,d oLrq 

dks NksM+us ij nwjh s le; t ds oxZ ds lekuqikrh gksrh gS] ;fn 

fxjus ds nkSjku yxk le; t gS rks bls ge O;Dr djrs gSA  

    s = 
2

1
gt2, 

  tgk¡”s nwjh gS vkSj g i`Foh ds xq:Ro ds dkj.k Roj.k gSA ;g 

lehdj.k fuokZr ds fy, gS] tgk¡”ok;q dk izfrjks/k ugh gS] ysfdu 

;g vf/kd ?kuRo] Hkkjh oLrq ds fxjus ds ekWMy ds fudV gSA  

0
5

10
15
20

25
30
35

40
45

s ( )ehVj

t = 0

t ( )lsd.M

t = 2

t = 3

,d xsan fojkekoLFkk ls fxjrh gS 

  fp=k esa ,d Hkkjh xSan csa;fjax dks t = 0 le; ij eqä :i ls fxjrk gqvk n'kkZ;k x;k gSA 

(a) izFke 2 lsd.M esa xSan }kjk fxjh gqbZ nwjh ehVj esa gSA 

(b) rc bldk osx] pky o Roj.k D;k gS 

Solution :   

(a) eqä :i ls fxjus dh lehdj.k s = 4.9 t2 gSA izFke 2 sec. esa xSan fxjrh gSA 

   s(2) = 4.9(2)2 = 19.6 m, 

(b) fdlh le; t ij osx] foLFkkiu dk vodyu gSA 

   v(t) = s’(t) = 
dt

d
(4.9t2) = 9.8 t. 

   t = 2 ij osx gS 

   v(2) = 19.6 m/sec 

   uhps dh vksj (c<+rk gqvk)  t = 2 ij pky  

   pky = |v(2)| = 19.6 m/sec. 

   a = 
2

2

dt

sd
 = 9.8 m/s2  
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———————————————————————————————————  
3.9.2 mfPp"B o fufEu"B  

 ekuk jkf'k y nwljh jkf'k x ij fp=kkuqlkj fuHkZj djrh gSA ;g x1 ij vf/kdre o x2 ij 

U;wure gks tkrh gSA oØ ds bu fcUnqvksa ij [khaph xbZ Li'kZ js[kk xv{k ds lekUrj gksrh 

gSA vr% bldh ço.krk tan  = 0 gSA blfy, mfPp"B o fufEu"B ds fy, 

 ço.krk = dy/dx = 0.  
x1 x2

x

y

 

 mfPp"B  

 mfPp"B eku ls Bhd igys <ky (ço.krk) /kukRed gS rFkk mfPp"B eku ij <ky 'kwU; gS rFkk mfPp"B eku ds Bhd 

ckn <ky _.kkRed gSA vr% mfPp"B ij dy/dx, ?kVrh gSA vr% mfPp"B ij dy/dx ds ifjorZu dh nj _.kkRed gS 

vFkkZr~ mfPp"B ij 
dx

d









dx

dy
 < 0  

mfPp"B ds fy,] tSls&tSls c<+rk gSA <ky ?kVrk gSAx 

<ky

 

 jkf'k 
dx

d









dx

dy
 <ky ds ifjorZu nj crkrh gSA ;g 

2

2

dx

yd
}kjk fy[kh tkrh gSA 

 mfPp"B ds fy, 'krZ :  (a) 
dx

dy
 = 0   (b) 

2

2

dx

yd
  < 0  

 fufEu"B  

 blh çdkj, fufEu"B ij <ky _.kkRed ls ifjofrZr gksdj /kukRed gks tkrh gSA bl çdkj ds fufEu"B fcUnq ij <ky 

c<+rh gSA vr% fufEu"B ij 
dx

d









dx

dy
 > 0  

 

fufEu"B ds fy,] tSls&tSls x c<+rk gSA <ky c<+rk gSA 
 

<ky 

 

 fufEu"B ds fy;s 'krsZ :  (a) 
dx

dy
 = 0   (b)  

2

2

dx

yd
 > 0   

 vDlj HkkSfrd fLFkfr ls Hkh ;g Li"V gks tkrk gS fd jkf'k mfPp"B gS ;k fufEu"B gSA rc 
2

2

dx

yd
 dk ifj{k.k NksM+ 

ldrs gSA 
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Solved Example 

Example 1. d.k dh fLFkfr le; ds lkFk Qyu x = 5t2  9t + 3 ds vuqlkj nh tkrh gS rks fLFkfr funsZ'kkad dk 

vf/kdre eku D;k gksxk ? xzkQ Hkh cukvksA  

Solution : x = 5t2  9t + 3 

  
dt

dx
 = 10t  9 = 0 

   t = 9/10 = 0.9 

  ijh{k.k djks fd ;g mfPp"B gS ;k fufEu"B gS 
2

2

dt

xd
 = 10 > 0 

   t = 0.9 ij fufEu"B gSA 

  lhekUr ekuksa ij ijh{k.k djksA 

  tc  t = 0 ;  x = 3 

   t = ; x =  

  vr%, vf/kdre fLFkfr funsZ'kkad dk vfLrRo ugha gSA  

  xzkQ 

  leh0 es t = 0.9 j[kus ij x = 5(0.9)2  9(0.9) + 3 = 1.05 

    
  NOTE : ;fn t2 dk xq.kkad /kukRed gks rks oØ dk eq¡g Åij dh rjQ [kqyk gksxkA 
 

3.10. vodyu ds vuqiz;ksx ij vk/kkfjr mnkgj.k 
 

Example 1. D;k oØ y = x4 – 2x2 + 2 dksbZ {kSfrt Li'kZ js[kk j[krk gS ? ;fn gk¡] rks dgk¡ ij\  

Solution : ;fn {kSfrt Li'kZ js[kk gksxh rks ;g ogk¡ ij gksxh tgk¡ <ky (dy/dx) 'kwU; gksA vr% bu fcUnqvksa dh x.kuk djrs gSa  

1. dy/dx dh x.kuk : 
dx

dy
= 

dx

d
 (x4 – 2x2 + 2) = 4x3 – 4x  

2. x ds fy, lehdj.k dks gy djsa : 
dx

dy
 = 0  :  4x3 – 4x = 0  

   4x(x2 – 1) = 0 

   x = 0, 1, –1 

 oØ y = x4 – 2x2 + 2, x = 0, 1 o –1 ij {kSfrt Li'kZ js[kk j[krk gSA oØ ij lacaf/kr fcUnq fuEu gSA 

(0, 2) (1, 1) o (–1, 1)A fp=k ns[ksa 
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Example 2. tehu ls lh/ks Åij mBrs gq, xeZ ok;q ds xqCckjs dks mM+ku fcnq ls 500 ft nwjh ij fLFkr ,d ijkl Kkrd 

;a=k }kjk vuqjsf[kr ¼izsf{kr½ fd;k tkrk gSA ftl {k.k ijkl Kkrd dk mUu;u dks.k /4 gS] ml le; dks.k  

0.14 jsfM;u/fefuV dh nj ls c<+ jgk gSA bl {k.k xqCckjk fdruh rsth ls Åij tk jgk gSA  

ijkl Kkrd

dy

dt

dt

y = ?

500 feet

tc  =


4

d
0.14 rad / min=

tc  =


4

 
Solution %  ge iz'u dk mÙkj Ng inksa esa nsaxsA  

 in 1 : fp=k cuk, rFkk pj o fu;rkadks ds uke fy[ksA fp=k esa pj  = /kjkry ds lkFk ijkl Kkrd dk 

dks.k ¼jsfM;u½ gSA y = xqCckjs dh Å¡pkbZ (QhV).   

 ekuk dh t le; dks crkrk gS rFkk  o y, t ds vodyuh; Qyu gS fp=k esa ,d fu;rkad (s) mM+ku fcUnq 

las ijkl Kkrd dh nwjh gS bls dksbZ fo'ks"k ladsr nsus dh vko';drk ugh gSA   

 in 2 : vfrfjDr la[;kRed lwpuk fy[ksA 
dt

d
= 0.14 jsfM;u/fefuV tc  = /4   

 in 3 : tks Kkr djus ds fy, iwNk gS mls fy[ksA tc  = /4 rc y dk dy/dt gesa pkfg,A 

 in 4 : pj y o  dks lEcaf/kr djus okyh lehdj.k Kkr djsA  

  
500

y
= tan ,   ;k y = 500 tan     

 in 5 : Ja[kyk fu;e dk mi;ksx dj t ds lkis{k vodfyr djus ij ifjek.k gesa dy/dt (tks gesa pkfg,) 

dk d/dt (tks ges Kkr gS) ds lkFk lEcU/k n'kkZrk gSA  

  
dt

dy
 = 500 sec2  

dt

d
  

 in 6 :  = /4 ds lkFk x.kuk djus ij d / dt = 0.14, dy/dt Kkr djus ds fy,  

  
dt

dy
 = 500(0.14) =  22  (1000) (0.14) = 140sec 

4


 = 2  

 vr% iz'u esa fn, gq, {k.k ij] xqCckjk 140 QhV/fefuV dh nj ls mB jgk gSA  
 

Example 3. jktekxZ ij ,d iqfyl Øqtj ,d rhozxfr dkj tks dksus ls ?kwedj vc lh/ks iwoZ fn'kk esa nkSM+ jgh gS dks 

idM+us ds fy, mÙkj fn'kk okys ekxZ ds yEcor~ izfrPNsn dh vksj vxzlj gSA tc Øqtj izfrPNsn fcUnq ls 

mÙkj fn'kk esa 0.6 m gS rks dkj iwoZ esa 0.8 m gSA iqfyl jsMkj ls Kkr djrh gS fd dkj o muds e/; dh 

nwjh 20 mph ls c<+ jgh gSA ;fn ekiu ds {k.k Øqtj 60 mph ls xfreku gS rks dkj dh pky Kkr djksA 

x=0.8, y=0.6 ij fLFkfr

ds
dt

=20

x
dx
dt

=?

dy
dt

=–60

0

y
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Solution : ge vk/kkjHkwr iz.kkyh ds inksa dks ysrs gSA   

 in 1 : fp=k ,oa pj % funsZ'k ra=k esa ge dkj o Øqtj dks ns[krs gS /kukRed x-v{k dks iwjc jktekxZ 

rFkk /kukRed y-v{k dks mÙkj jktekxZ dh vksj ysus ij ¼fp=k½A 

 ekuk dh t le; dks iznf'kZr djrk gS rFkk x = le; t ij dkj dh fLFkfr  

 y = le; t ij Øqtj dh fLFkfr  

 s = le; t ij dkj o Øqtj ds e/; nwjh 

 ekuk dh x, y rFkk s ; t ds vodyuh; Qyu gSA  

 x = 0.8 m,    y = 0.6 m,  
dt

dy
 = – 60 mph, 

dt

ds
 = 20 mph  

 (dy/dt _.kkRed gS D;ksafd y ?kV jgk gSA)  

 in 2 : 
dt

dx
dks Kkr djuk gSA  

 in 3 : pj s2 = x2 + y2 (ikbFkkxksjl izes; ls) ds }kjk ,d nwljs ls lEcfU/kr gSA 

  (s = 22 yx  lehdj.k Hkh ys ldrs gSA)  

 in 4 : t ds lkis{k vodyu djus ij 2s
dt

ds
  = 2x

dt

dx
+ 2y

dt

dy
J`a[kyk fu;e 

 
dt

ds
=

s

1










dt

dy
y

dt

dx
x =

22 yx

1












dt

dy
y

dt

dx
x    

 in 5 : x = 0.8,  y = 0.6,  dy/dt = – 60,  ds/dt = 20 ds fy, dx/dt gy djksA   

 20 = 











)60)(–6.0(
dt

dx
8.0

)6.0()8.0(

1

22

1

 

 20 = 0.8
dt

dx
  – 36   

dt

dx
 = 

8.0

3620
 = 70   

 iz'u esa bl {k.k ij dkj dh pky 70 mph gSA   

———————————————————————————————————   

4. lekdyu (INTEGRATION)  

 xf.kr esa izR;sd xf.krh; izfØ;k ds fy;s mldh O;qRØe izfØ;k ifjHkkf"kr gksrh gSA  

 mnkgj.k ds fy;s & ;ksx dh O;qRØe izfØ;k ?kVkuk ¼ckdh½ gS] xq.ku dh O;qRØe izfØ;k Hkkx gS vkSj oxZ dh O;qRØe 

izfØ;k oxZewy gSA blh rjg vodyu dh O;qRØe izfØ;k Hkh gksrh gS] ftls lekdyu dgk tkrk gSA  

4.1. lekdyu vFkok vfuf'pr lekdyu 

 ifjHkk"kk :  

 ,d Qyu F(x), f(x) dk izfr vodyu xq.kkad gS ;fn  F’(x) = f(x) 

 lHkh x tks dh f ijkl esa gSA x ds lkis{k lekdyu  f ds lHkh vfuf'pr lekdyuksa ds leqPp;ksa dks fuEu izdkj 

iznf'kZr djrs gSA   
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 fpUg  lekdyu fpUg gSA f lekdfyr Qyu rFkk x lekdyu dk pj gSA  

 mnkgj.k ds fy, ;fn  f(x) = x3 rc  f'(x) = 3x2 vr% 3x2 dk lekdy x3  gSA 

 blh rjg ;fn  f(x) = x3  + 4 gS rc  f'(x) = 3x2 vr% 3x2 dk lekdy x3 + 4  gSA   

 3x2 dk lkekU; (general) lekdy x3 + C gS tgk¡ C fu;rkad gSA  

 fdlh Qyu f dk lekdyu (F) rFkk nwljs lekdyu dks (F) ls fu;rkad ls QdZ fd;k tkrk gSA bls lekdyu esa 

fuEu izdkj ls iznf'kZr djsaxs :  

      .C)x(Fdx)x(f   ......(i)   

 C dks lekdyu fu;rkad ;k dksbZ fu;rkad dgrs gSa lehdj.k (i) dks i<+ ldrs gSa fd bls 'f' dk x ds lkFk vfuf'pr 

lekdyu F(x) + C ls i<+rs gSaA tc gesa F(x) + C, izkIr gksrk gS rks bls f dk lekdyu dgrs gSaA   

 

Solved Example 

Example 1.  2x dx dh x.kuk djks  

Solution : Cxdxx2 2 

2x dk vodyu xq.kkad

,d fu;rkad

  

  lw=k x2 + C ds lHkh lekdyu xq.kkad 2x gSA Qyu x2 + 1, x2 – , rFkk x2 + 2  lHkh 2x ds lekdyu 

xq.kkad gSaA  

———————————————————————————————————  

4.2. lekdyu lw=k  (Rules for Integration) 

 vfuf'pr lekdyu      O;qRØe vodyuh; lw=k 

1. 
n 1

n x
x dx C

n 1



 
 , n  –1, n ifjes;  

n 1d x

dx n 1

 
 

 
 = xn 

2. dx = 1dx x C    (fof'k"V fLFkfr)    
d

(x)
dx

= 1 

3. 
cos(Ax B)

sin(Ax B)dx C
A

 
     

d

dx

coskx

k

 
 
 

= sin kx  

4. 
sinkx

coskxdx C
k

      
d sinkx

dx k

 
 
 

= cos kx 

5. 2sec xdx tanx C      
d

dx
 tan x = sec2 x 

6. 2cosec xdx cot x C      
d

dx
(–cot x) = cosec2 x 

7. sec x tanxdx sec x C     
d

dx
sec x = sec x tan x 

8. cosec xcot xdx cosec x C     
d

dx
 (–cosec x) = cosec x cot x  

9. 
1 1

n(ax b) C
(ax b) a

  
  
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Solved Example 

Example 1. mijksDr lw=kksa ij vk/kkfjr mnkgj.k : 

(a) 
6

5 x
x dx C

6
        Formula 1 with n = 5 

(b) 
1

dx
x

 = 1/ 2 1/ 2x dx 2x C 2 x C        Formula 1 with n = –1/2 

(c) 
cos2x

sin2xdx C
2


      Formula 2 with k = 2 

(d) 
x

cos dx
2  = 

1 sin(1/2)x
cos xdx C

2 1/2
  =

x
2sin C

2
  Formula 3 with k = 1/2 

 

Example 2. lR; :  x cosx dx = x sin x + cos x + C 

  dkj.k :  nkfgus fljs ds vodyu xq.kkad dks lekdfyr djus ij :   

  ijh{k.k : 
dx

d
 (x sin x + cos x + C) = x cos x + sin x – sin x + 0 = x cos x. 

  vlR; :   x cosx dx = x sin x + C 

  dkj.k :   nkfgus fljs ds vodyu xq.kkad dks lekdfyr djus ij : 

  ijh{k.k : 
dx

d
(x sin x + C) = x cos x + sin x + 0  x cos x   

——————————————————————————————————— 
 

4.3. lekdyu dk fu;e 

 fu;e la[;k 1 :  fu;rkad xq.ku fu;e 
 

 
 Qyu f ds vpj xq.kkad kf dk lekdyu] Qyu f ds lekdyu dk k xq.kk gks tkrk gSA  

kdx)x(kf   dx)x(f  gSA 

;g f izfrvodyu dk k xquk gksA tgk¡ k ,d fu;rkad gSA 

 

                                    

Example 1. lekdyu fu;rkad dks fQj ls fy[kus ij  

   5 sec x tan x d x =  5 sec x tan x d x  fu;e 1 

  = 5 (sec x + C)  lw=k 6 

  = 5 sec x + 5C  igyk :i  

  = 5 sec x + C´  NksVk :i] tgk¡ C’ = 5C gSA   

     lkekU; :i&vHkkT; ugha D;ksafd LoSfPNd fu;rkad   

     dk 5 xquk Hkh fu;rkad gksxk    

     ge bls 'C' uke nsrs gSaA  

  mi;qDr lHkh mnkgj.k ls leh- f (x) = 5 sec x tan x. ds lekdyu fn;s gSaA vr% izR;sd lgh gSA blesa ls 

 lcls ljy rFkk lk/kkj.k mi;ksx esa  

   5 sec x tan x d x = 5 sec x + C. 

  tSls tksM+ o ?kVkuk fu;e esa ge lHkh Qyu dks tksM+ o ?kVkus ds inksa esa vodyu djrs gSa mlh izdkj 

 lekdyu esa Hkh djrs gSaA vr% ge lekdyu fu;rkadksa dks tksM+dj ,d vkf[kj esa vfUre lekdyu fu;rkad 

 j[k nsrs gSaA  
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 fu;e la[;k 2 : ;ksx rFkk vUrj fu;e 
                                      

 
 ,d Qyu ;ksx ;k vUrj (f ± g) dk lekdyu ;fn vkSj dsoy ;fn ;g buds lekdyu f o lekdyu g ds ;ksx 

;k vUrj ds cjkcj gksrk gSA   

  dx)x(gdx)x(fdx)]x(g)x(f[   

 
 

 

Solved Example 

Example 1. Øekxr inksa esa lekdyu Kkr djksA  

    (x2 – 2x + 5) dx. 

Solution : ;fn (x3 /3) – x2 + 5x  dks x2 – 2x + 5, dk vodyu xq.kkad ekusa rks lekdyu - 

   
  lekdyu ds fy, izR;sd in dks tksM+ rFkk vUrj fu;e ls ekuus ij : 

    dx)5x2x( 2  =  dxx2 –  xdx2  +  dx5 = 
3

x3

+ C1 – x2 + C2 + 5x + C3. 

  ;g lw=k vko';drk ls vf/kd tfVy gSa ;fn ge C1, C2 vkSj C3 dks ,d fu;rkad C = C1 + C2 + C3, esa 

la;ksftr djsa] rks lw=k bl :i esa ljy gksrk gS  

  
3

x3

 – x2 + 5x + C 

  vkSj fQj Hkh ;g ;gk¡ lHkh lekdyu nsrk gSA bl dkj.k ls gekjk lq>ko gS fd vki lh/ks vafre :i rd 

tk;sa] gkaykfd vki mUgsa ,d&,d in dk lekdyu djds djsa] fyf[k;s -  

    dx)5x2x( 2 =  dxx2 –  xdx2  +  dx5  = 
3

x3

– x2 + 5x + C. 

  izR;sd Hkkx ds fy, ljyre lekdyu fudkfy;s vkSj var esa fu;rkad tksM+ nsaA  
 

Example 2. dHkh&dHkh ge ftu lekdyuksa dk eku fudkyuk ugha tkurs gSa mUgsa ,sls lekdyuksa esa :ikarfjr djus ls 

ftudk ge eku fudkyuk tkurs gSa] f=kdks.kferh; loZlfedkvksa dk iz;ksx dj ldrs gSaA sin2 x vkSj cos2 x 

ds lekdyu lw=k vf/kdka'kr% iz;ksx esa vkrs gSa - 

(a)  xdxsin2  = 


dx
2

x2cos1
 sin2 x = 

2

x2cos1
 

 =   xd)x2cos1(
2

1
=  

2

1
dx

2

1
 dxx2cos  = 

2

x
– 

2

1
× C

2

x2sin
 = 

2

x
 – 

4

x2sin
 + C 

(b)  dxxcos2 = 


dx
2

x2cos1
 cos2 x =

2

x2cos1
  

 = 
2

x
+ C

4

x2sin
   tSlk fd Hkkx (a) esa gS] ysfdu fpUg ifjorZu ds lkFk,  

 

Example 3. ,d fi.M dk osx blds Roj.k vkSj izkjfEHkd osx dh lgk;rk ls fudkfy;sA i`Foh dh lrg ds ikl xq:Roh; 

Roj.k 9.8 eh/ls2 gSA bldk vFkZ ;g gS fd fuokZr esa Lora=krkiwoZd fxjrs gq, fi.M ds osx v ds cnyus dh nj  

dt

d
= 9.8 eh/ls2. gksrh gSA ;fn fi.M dks fojkekoLFkk ls fxjk;k tk;s] rks blds NksM+s tkus ds t lsd.M ckn 

bldk osx D;k gksxk? 
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Solution : xf.krh; :i esa] ge izkjfEHkd eku lehdj.k dks gy djuk pkgrs gSa] ftldk vody lehdj.k gS : 
dt

d
= 9.8  

  izkjfEHkd fLFkfr :  = 0 tc t = 0 (bls v (0) = 0 ls fn[kk;k tkrk gS) ge igys vody lehdj.k dks nksuksa 

 vksj t ds lkis{k lekdfyr djrs gSa : 

  
dt

d
 = 9.8   vody lehdj.k  

  


dt
dt

d
 =  dt8.9   t ds lkis{k lekdyu djks  

  v + C1 = 9.8t + C2 lekdy ds eku vk x;s  

  v = 9.8t + C.  fu;rkadksa dks ,d esa la;ksftr djks  

  ;g vafre lehdj.k ;g crkrh gS fd fi.M dk osx t lsd.M fxjus ij 9.8t + C eh/ls. gSA C ds eku ds fy, : 

 ge bls izkjfEHkd fLFkfr ls fudkyrs gSa :  

    v = 9.8t + C   

    0 = 9.8(0) + C   (0) = 0  
    C = 0. 

  fu"d"kZ : fi.M dk osx t lsd.M fxjus ij v = 9.8t + 0 = 9.8t m/sec. 

  Qyu f(x) dk vfuf'pr lekdyu F(x) + C vody lehdj.k dy/dx = f(x) dk O;kid gy nsrk gSA O;kid 

 gy lehdj.k ds lHkh gy nsrk gSA (C ds izR;sd eku ds fy, ;g vuUr gy gS) ge vody lehdj.k dks 

 blds O;kid gy dks fudkydj gy djrs gSaA rc ge izkjfEHkd eku lehdj.k dks fof'k"V gy fudkydj 

 gy djrs gSa tks izkjfEHkd 'krZ y(x0) = y0 dks larq"V djrk gSA (y dk eku y0 gS tc x = x0.).   
 

 fu;e la[;k 3 : lekdyu esa izfrLFkkiu fu;e 

 
  ))x(g(f   • g’(x) dx =  du)u(f    1. çfrLFkkiu u = g(x), du = g’(x) dx. 

  = F(u) + C  2. f(u) ds ,d lekdy dks fudkydj eku fudkfy;sA 

  = F (g(x)) + C  3. u dks g(x) ls çfrLFkkfir djus ijA 

 

 

Example 1.   dx)2x( 5 dk eku fudkfy;s    

  ge bl lekdy dks bl :i esa j[k ldrs gSa  

   duun   

  ;fn ge izfrLFkkfir djsa  

  u = x + 2, du = d(x + 2) = d/dx (x + 2). dx = 1.dx = dx. 

  rc   dx)2x( 5 =  duu5  u = x + 2, du = dx = u6/6 + C  

  n = 5 ds lkFk fu;e 3 ds iz;ksx ls lekdyu djus ij  

  =
6

)2x( 6
 + C. u dks x + 2 ls izfrLFkkfir djus ij   

 

Example 2.   2y1  • 2y dy Kkr djksA 

Solution:   2y1  • 2y dy =  duu 2/1  ekuk u = 1 + y2, du = 2y dy. 

  = 
1)2/1(

u 1)2/1(





    n = 1/2 ds lkFk fu;e 3 ds iz;ksx ls lekdyu djus ij 

  = 2/3u
3

2
 + C  vf/kd ljy :i  

  = 2/32 )y1(
3

2
  = C u dks 1 + y2  ls izfrLFkkfir djus ij  
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Example 3. cos  (7 + 5) d =   du
7

1
ucos  ekuk u = 7 + 5, du = 7d, (1/7) du = d.  

  =  duucos
7

1
   1/7 dks ckgj fudkyus ij vc lekdy ekud :i esa gS    

  = Cusin
7

1
   u ds lkis{k lekdyu djus ij  

  = sin
7

1
 (7 + 5) + C u dks 7 + 5 ls izfrLFkkfir djus ij   

 

Example 4.  dx)xsin(x 32 = 
3)xsin( • x2 dx 

  =  usin • du
3

1
  ekuk u = x3, du = 3x2dx (1/3) du = x2dx. 

  = duusin
3

1
   = 

3

1
 (– cos u) + C u ds lkis{k lekdyu djus ij  

  = –
3

1
cos(x3) + C u dks x3 ls izfrLFkkfir djus ij  

 

Example 5.  2cos

1
2

d = 
2sec  2 d  sec 2 = 

2cos

1
 

  = usec 2

 • 
2

1
du ekuk u = 2, du =2d, d = (1/2)du. 

  = 
2

1


2sec u du  = 
2

1
tan u + C lehdj.k (4) dk iz;ksx djds lekdyu djus ij 

  = 
2

1
tan 2 + C  u dks 2ls izfrLFkkfir djus ij  

  okil ns[ksa : 
d

d








 C2tan

2

1
= 

2

1
• 

d

d
 (tan 2) + 0 

  = 
2

1
• 











 2
d

d
2sec 2    J`a[kyk fu;e 

  = 
2

1
•sec2 2 • 2 = 

2cos

1
2

. 

 

Example 6.  dttcostsin4 =  duu4   ekuk u = sin t, du = cos t dt. 

  = 
5

u5

 + C  u ds lkis{k lekdyu djus ij  

  = 
5

tsin5

 + C  u dks izfrLFkkfir djus ij 

  izfrLFkkiu fof/k dh lQyrk izfrLFkkiu ds <wa<us ij djrh gS] lekdyu esa ifjorZu ;g iznf'kZr djrk gS 

fd ge ftldk lekdyu lh/ks gh tkurs gSa muesa ls dksbZ ,d izdkj cu tk;sA ;fn igyk izfrLFkkiu 

vlQy gks tk,] ge nqckjk dksf'k'k djds vfrfjDr izfrLFkkiu ls lekdyu dks ljy dj gy djrs gSaA  
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———————————————————————————————————   

4.4. fuf'pr lekdyu ;k lhek ds lkFk lekdyu (definite integration or integration with 

limits) 

 

   )a(g)b(g)x(gdx)x(f
b
a

b

a

 ;gk¡ g(x), f(x) dk lekdyu gS vFkkZr~  g(x) = f(x) 

Solved Example 

Example 1.  
4

1
dx3 =  4

1

4

1
x3dx3 


 = 3[4 – (–1)] = (3) (5) = 15 

    2/
0

2/

0
xcosxdxsin




 = )0cos(
2

cos 






 
 = – 0 + 1 = 1 

———————————————————————————————————   
4.5. fuf'pr lekdy ds vuqiz;ksx 

 oØ ds {ks=kQy dh x.kuk  

 xzkQ tks fd fp=k esa n'kkZ;k x;k gS ls ;fn ge laiw.kZ {ks=kQy dks NksVs&NksVs dx 

pkSM+kbZ ds vuUr vYika'kksa esa foHkkftr dj nsa rFkk ge vYika'k tks fd dx pkSM+kbZ dk 

gS rFkk x ij fLFkr gS dks ysrs gSa rks bl vYika'k dk vYi {ks=kQy dA = f(x) dx  

 rks oØ rFkk x–v{k ds e/; dk lEiw.kZ {ks=kQy = lkjs vYika'kksa dk ;ksx = 
b

a

dx)x(f  

 

 

  

 ekuk f(x)  0 esa [a,b] esa lrr~ gSA f ds vkjs[k o x-v{k ds e/; {ks=kQy gSA  

 A = 
b

a

dx)x(f  

 
 

Solved Example 

Example 1. {ks=kQy ds mi;ksx ls fuf'pr lekdy dh x.kuk djksA  

  
b

a
xdx  0 < a < b. 

Solution : ge oØ y = x, a  x  b ( fp=k ) ds uhps ds {ks=k dks vkjsf[kr djrs gS vkSj ns[krs gS fd leyEc prqHkZt 

ftldh Å¡pkbZ (b – a) o vk/kkj a ,oa b gSA lekdyu dk eku bl leyEc prqHkZt dk {ks=kQy gSA  

   

  
b

a
xdx  = (b – a)• 

b

a
xdx = 

2

a

2

b 22

 . 
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 /;ku ns fd x2/2, x dk çfr vodyu gS]çfr vodyu o ;ksxQy ds e/; lEcU/k ls Kkr gksrk gSA  

Example 2.  = 
2

0

sin( ).d


     tgk¡  fu;rkad gSA rks dk eku gksxk : 

  (A) /kukRed gks ldrk gS    (B) _.kkRed gks ldrk gS  

  (C) 'kwU; gks ldrk gS     (D*) ds fdlh Hkh eku ds fy,lnSo 'kwU; gksxk  

Solution :  

n2

0

d)sin(  

  = 



2

0
)cos(  

  = – [cos (2n + ) – cos ()] 

= – [cos – cos ] = 0  

 

Example 3. ;fn x1 = 3sint rFkk x2 = 4cost gSa rks 

  (A) 1

2

x

x
 dk eku t  ls Lora=k gksxk  

  (B*) <x1
2 + x2

2 > dk t = 0  ls t = 
2


 le; rd vkSlr eku 12.5  gksxk 

  (C*) 

2 2

1 2x x
1

3 4

   
    

   
  

  (D*) <x1 . x2 > dk t = 0  ls  t = 
2


 le; rd vkSlr eku 'kwU; gksxk 

Solution : (A) 1

2

x 3sin t 3
tan t

x 4cos t 4


  


 

   t ij fuHkZj gSA  

  (B) < x1
2 + x2

2 > = < 9sin2t + 16 cos2t > 

   = 

2 /

2

0

2 /

0

sin t dt

9

dt

 

 





+

2 /

2

0

2 /

0

cos t dt

16

dt

 

 





  

    = 

2 /

0

2 /

0

(1 cos2 t)
dt

2
9

dt

 

 

 




+  

2 /

0

2 /

0

(1 cos2 t)
dt

2
16

dt

 

 

 




 

   = 9 . 
1

2
 + 16 . 

1

2
  

   = 12.5  Ans. 

  (C)  

2 2 2 2

1 2x x 3sin t 4cos t

3 4 3 4

        
         

      
 = sin2t + cos2t = 1  Ans.  

  (D)  <x1 x2 > = < 3 sint . 4 cost > = 6 < 2 sintcost >  

   = 6 < sin2t > = 

2 /

0

2 /

0

sin2 t dt

6

dt

 

 





   = 6 × 0 = 0  Ans.  
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———————————————————————————————————  
5. lfn'k (VECTOR) 

 HkkSfrdh esa ge nks HkkSfrd jkf'k;ksa dh ckr djrs gSa ,d vfn'k vkSj nwljh lfn'k jkf'k;k¡A izR;sd vfn'k jkf'k¡ ifjek.k vkSj 

ek=kd j[krh gSA fdlh HkkSfrd jkf'k ds ifjek.k dk vFkZ vkafdd eku rFkk ml HkkSfrd jkf'k ds ek=kd dk xq.kuQy gksrk gSA   

 mnkgj.k ds fy, nzO;eku = 4kg 

 nzO;eku dk ifjek.k = 4kg 

 vkSj nzO;eku dk ek=kd = kg 

 vfn'k jkf'k;ksa ds vU; mnkgj.k %& nzO;eku] pky] nwjh bR;knh  

 vfn'k jkf'k;ksa dk tksM+] ck¡;h vkSj xq.kk] chth; xf.kr ds lkekU; fu;eksa }kjk fd;k tk ldrk gSA  

5.1. lfn'k %  

;fn fdlh HkkSfrd jkf'k esa ifjek.k ds lkFk&lkFk 

(a) ,d fuf'pr fn'kk gks 

(b) ;ksx ds lekUrj prqHkZt fu;e dk ikyu djsa  

(c) rFkk budk la;kstu Øe fofue; gks vFkkZr~ A B  = B A . 

 rks ;s jkf'k;k¡ dsoy vkSj dsoy lfn'k jkf'k;k¡ dgykrh gSA ;fn dksbZ Hkh HkkSfrd jkf'k mijksDr fu;eksa esa ls ,d 

Hkh fu;e dk ikyu ugha djsa rks ;g jkf'k lfn'k jkf'k ugha gks ldrh gSA 

 ;fn dksbZ Hkh HkkSfrd jkf'k lfn'k gS rks bldh ,d fuf'pr fn'kk gksxhA ijUrq bldk O;qRØe lR; gks Hkh ldrk gS 

vkSj ugha Hkh vFkkZr~ ;fn fdlh HkkSfrd jkf'k dh ,d fuf'pr fn'kk gks rks ;g lfn'k gks Hkh ldrh gS vkSj ugha HkhA  

 lfn'k ( A )  dk ifjek.k lfn'k dk fujis{k eku gksrk gSA bldks | A | ;k A  ls çnf'kZr djrs gSA  

 lfn'k dks O;Dr djuk : 

 T;kferh; :i ls] lfn'k dks ,d rhj ds fu'kku okyh js[kk }kjk () O;Dr fd;k tkrk gS tks fd lfn'k dh fn'kk dks 

O;Dr djrk gSa  

 

 xf.krh; :i ls] lfn'k dks A


 }kjk O;Dr fd;k tkrk gSA dHkh&dHkh bls xgjs dkys 'kCn A  }kjk O;Dr fd;k tkrk gSA  

 eq[; fcUnq %  

 ;fn fdlh lfn'k dks Loa; ds lkis{k lekUrj LFkkukUrfjr dj fn;k tk; rks ;g ifjofrZr ugha gksrk gSA fp=k ns[kksA 

 

 ;fn fdlh lfn'k dks dks.k 2 (or 360º) ds xq.kd ds vykok fdlh vU; dks.k ij ?kqek fn;k tk; rks ;g lfn'k 

ifjofrZr gks tkrk gSA fp=k ns[kksA         
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 ;fn funsZ'k rU=k dks LFkkukUrfjr ;k ?kqek fn;k tk; rks lfn'k ifjofrZr ugha gksrk (dsoy blds ?kVd cny 

ldrs gS) gSA fp=k ns[kksA 

 

 nks lfn'k cjkcj dgyk,axs ;fn buds ifjek.k o fn'kk leku gks rFkk nksuksa leku HkkSfrd jkf'k ds eku dks çnf'kZr 

djsaA 

 nks lfn'kksa ds chp dks.k dk vFkZ gS fd tc nks lfn'kksa dks Loa; ds lkis{k lekUrj LFkkukUrfjr djds nksuksa dh iwaN 

feykus ij cus nksuksa dks.kksa esa ls NksVk dks.k nksuksa lfn'kksa ds chp dk dks.k dgykrk gSA (vFkkZr~  0    ). 

 

5.2. ,dkad lfn'k (Unit Vector) :  
 og lfn'k ftldk ifjek.k ,d ¼bdkbZ½ gks rFkk ,d fuf'pr fn'kk dh rjQ funsZf'kr gksa ,dkad lfn'k dgykrk gSA 

fdlh Hkh lfn'k ( A )  dks bldh fn'kk esa ,dkad lfn'k ( Â ) o blds ifjek.k ds xq.ku ds :i es fy[k ldrs gSA  

 vFkkZr~ A  =  ˆAA    ;k   Â  =
A

A
   

 
 ,dkad lfn'k dh dksbZ Hkh foek ;k ek=kd ugha gksrk gSA f=kfofe; funsZ'k rU=k esa x, y vkSj z-v{kksa ds vuqfn'k ,dkad 

lfn'k Øe'k% î , ĵ  vkSj k̂  ds }kjk çnf'kZr fd;s tkrs gSA buds ifjek.k ˆ ˆ ˆ| i | | j | | k |   = 1 gksrs gSA 

Solved Example 

Example 1. rhu lfn'k A , B , C


 fp=k esa çnf'kZr gS rks fuEu ds e/; dks.k crkb;sA (i) A  vkSj B , (ii) B  vkSj C


,  

(iii) A  vkSj C


.     

 

Solution : nks lfn'kksa ds chp dks.k Kkr djus ds fy, ge nksuksa lfn'kksa dh iwaNks dks tksM+rs gSA blds fy, B  dks 

lekUrj bl çdkj LFkkukUrfjr djrs gS fd A , B  vkSj C


 iwaNs fp=kkuqlkj fey tk;A  

 

  bl çdkj ge vklkuh ls ns[k ldrs gS fd A  vkSj B  ds chp dks.k 60º, B  vkSj C


 ds e/; 15º rFkk A  

vkSj C


 ds chp dks.k 75º gSA 
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Example 2. iwoZ fn'kk ds vuqfn'k ,dkad lfn'k î  gSA 105  Mkbu cy if'pe fn'kk es dk;Zjr gSA cy dks î  ds inksa esa 

O;Dr djksA 

Solution :  F  = – 105 î  MkbZu  
 

———————————————————————————————————   
5.3. lfn'k jkf'k dk vfn'k jkf'k ls xq.ku (Multiplication of a Vector by a Scalar)

fdlh lfn'k A  dks /kukRed la[;k  ls xq.kk djus ij çkIr lfn'k B  (= A ) dk ifjek.k  ds xq.kd ds :i esa 

cny tkrk gSA ijUrq fn'kk lfn'k A  ds leku gh jgrh gSA fdlh lfn'k A  dks _.kkRed la[;k  ls xq.kk djus ij 

çkIr lfn'k B  dh fn'kk] A dh fn'kk ds foijhr rFkk bldk ifjek.k | A |  dk  xquk gksrk gSA 
 

Solved Example 

Example 1. ,d HkkSfrd jkf'k (m = 3kg) dks lfn'k a  ds xq.ku ds :i esa amF


  ds vuqlkj fn;k tkrk gS rks F  dk 

ifjek.k o fn'kk Kkr djks ;fn 

(i) a  = 3m/s2 iwoZ fn'kk esa   

(ii) a  = –4m/s2  mÙkj fn'kk esa 

Solution :  

(i) amF


  = 3 kg × 3 ms–2 iwoZ fn'kk esa = 9 N iwoZ fn'kk esa 

(ii) amF


  = 3 × (–4) N mÙkj fn'kk esa = – 12N mÙkj fn'kk esa 

             = 12 N nf{k.k fn'kk esa  

———————————————————————————————————   
5.4. lfn'kksa dk la;kstu (Addition of Vectors)   

 lfn'kksa ds la;kstu ds fy, eq[; :i ls nks fu;eksa dk ç;ksx fd;k tkrk gSA tks fuEu gS &  

(a) lfn'kksa ds la;kstu dk lekUrj prqZHkqt fu;e : ;fn nks lfn'k A  o 

B  fdlh lekUrj prqZHkqt dh ckgj dh rjQ funsZf'kr (budh iwaN ,d 

fcUnq ij fLFkr gS) nks Øekxr Hkqtkvksa dks fu:fir djrs gS rks bu 

lfn'kksa ds çfrPNsn ;k dVku fcUnq ls [khaph xbZ fod.kZ nksuksa lfn'kksa 

ds ifj.kkeh dks O;Dr djrh gSA (vFkkZr~ A  o B ds lfn'k ;ksx dks)  

  R = 2 2A B 2ABcos      

 

 ifj.kkeh lfn'k R dk] A  dh fn'kk ls cuk;k x;k dks.k tan  = 
PN

MN
 =

QNPQ

MN


 = 

Bsin

A Bcos



 
 

(b) lfn'k la;kstu dk f=kHkqt fu;e : nks lfn'kksa A  o B dks tksM+us ds fy, nksuksa esa ls fdlh ,d lfn'k dks Loa; ds 

lkis{k lekUrj foLFkkfir djds B  dh iwaN dks A  ds flj ij j[krs gSA A  + B  ds ifj.kkeh lfn'k R  dks 

]lfn'k A  dh iwaN ls] lfn'k ds B  flj rd js[kk [khapdj çnf'kZr fd;k tkrk gSA vFkkZr~ A  + B  = R gS rFkk 

bu lfn'kksa B,A

 vkSj R


 ds fu:i.k ls cuk bl çdkj ls fu:fir fp=k f=kHkqt dks çnf'kZr djrk gSA blfy, 

lfn'kksa ds la;kstu dh bl fof/k dks ‘f=kHkqt fof/k’ dgrs gSA ;fn f=kHkqt fu;e ds }kjk cgqr lkjs lfn'kksa dks 

tksM+us ds foLrkfjr çØe dks fp=k }kjk ns[ksa rks blds }kjk cuh vkdf̀Ùk ,d cgqHkqt dks çnf'kZr djrh gS rFkk 

lfn'kksa ds la;kstu ds bl fu;e dks cgqHkqt fu;e dgrs gSA 

 

E

C
D

B

AA

R

R = A + B + C + D + E 
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 eq[; fcUnq :  

 lfn'kksa ds fy, dsoy leku çdkj ds lfn'kksa dks gh tksM+k tk ldrk gS rFkk ifj.kkeh lfn'k Hkh leku çdkj dk 

çkIr gksrk gSA 

 ;fn R = [A2 + B2 + 2AB cos]1/2  gks rks R vf/kdre gksxk tc cos  = vf/kdre = 1 gks vFkkZr~  = 0º, vFkkZr~ 

nksuksa lfn'k lekUrj gks vkSj Rvf/kdre = A + B 

 ifj.kkeh lfn'k U;wure gksxk ;fn cos  = U;wure = –1, vFkkZr~  = 180º  vFkkZr~ nksuksa lfn'k çfrlekUrj 

¼foijhr fn'kk esa½ gks vkSj RU;wure =  A  B 

 ;fn lfn'k A o B yEcor~ gks rks  = 90º vkSj  R = 
2 2A B  

 mijksDr dFkuksa esa çnf'kZr gS fd nks lfn'kksa ds ifj.kkeh dk eku (A ~ B) ls  (A + B) ds chp dqN Hkh gks ldrk gSA 

;g bu lfn'kksa ds chp ds dks.k ij fuHkZj djrk gS vkSj ifj.kkeh lfn'kksa dk ifjek.k  (0º ls 180º) c<+us ds lkFk 

?kVrk gSA 

 leryh; vleku lfn'kksa dh U;wure la[;k ftudk ifj.kkeh 'kwU; gks rhu gksrh gSA 

 rhu vryh; lfn'kksa dk ifj.kkeh dHkh Hkh 'kwU; ugha gks ldrk ;k vryh; lfn'kksa dh U;wure la[;k ftudk 

ifj.kkeh 'kwU; gks pkj gksrh gSA 

 fdlh lfn'k esa ls lfn'k dks ?kVkuk okLro esa _.kkRed lfn'k dks tksM+uk gksrk gS  

  A   B  = A   (B ) 

(a) fp=k ls vPNh rjg le>s ldrs gS fd BA


  lfn'k A


 o B

lfn'k  ds O;qRØe dk ;ksx gSA 

 =   

    | A B |  = [(A)2 + (B2)  + 2AB cos (180º  )]1/2 

    | A B |  = 2 2A B 2ABcos       

(b) HkkSfrd lfn'k jkf'k esa ifjorZu dk vFkZ vfUre lfn'k esa ls çkjfEHkd lfn'k dks ?kVkuk gSA 

 
Solved Example 

Example 1. leku ifjek.k F0 okys nks lfn'kksa dk ifj.kkeh Kkr djksA ;fn buds chp dks.k gSA. 

Solution : 2Fifj.kkeh= 2

0F  + 2

0F  + 2 2

0F cos   

  = 2 2

0F  (1 + cos ) = 2 2

0F (1 + 2 cos2 /2 – 1) = 2 2

0F  × 2 cos2 /2 

  
ifj.kkeh

F    = 2F0 cos /2  
 

Example 2. nks v'kwU; lfn'k A  o B  esa lEcU/k | A +B  | = | A  – B | gSA rks A  o B  ds chp dks.k Kkr djks ? 

Solution : | A + B | = | A  – B |   A2 + B2 + 2AB cos  = A2 + B2 – 2AB cos   

          4AB cos  = 0   cos  = 0  

    = /2 
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Example 3. nks osx lfn'kksa A o B  dk ifj.kkeh lfn'k A  ds yEcor~ gSA ifj.kkeh lfn'k R  dk ifjek.k B  ds ifjek.k 

dk vk/kk gS rks A  o B  ds chp dks.k Kkr djks ? 

Solution : lfn'k R , lfn'k A  ds yEcor~ gSA fp=k eas rhuksa lfn'k A , B  vkSj R  çnf'kZr gSA 

 

  A o B  ds chp dks.k  –  gSA 

  sin  = 
R

B
 = 

B

2B
 = 

1

2
    = 30º A  o B  ds chp dks.k 150º gksxkA 

Example 4. ;fn nks bdkbZ lfn'kksa dk ;ksx Hkh bdkbZ lfn'k gks rks buds vUrj dk ifjek.k Kkr djks ? 

Solution : ekuk Â  o B̂  nks bdkbZ lfn'k fn;s x;s gS vkSj budk ifj.kkeh R̂  gks rks 

  | R̂ | = | Â + B̂ | 

  1 = 2 2ˆ ˆ ˆ ˆ(A) (B) 2 | A || B | cos    

  1 = 1 + 1 + 2 cos     cos  = – 1/2 

      | A – B | = 2 2ˆ ˆ ˆ ˆ(A) (B) 2 | A || B | cos   = 
1

1 1 2 1 1( )
2

      = 3   

———————————————————————————————————   
5.5. lfn'kksa dks fo;kstu (Resolution of Vectors)  

 ;fn fHkUu&fHkUu fn'kkvksa okys nks v'kwU; lfn'k a


 o b


 ,d ry esa fLFkr gS vkSj ,d vU; lfn'k A  Hkh leku ry esa 

fLFkr gks rks A  dks a


 vkSj b


 ds vyx&vyx okLrfod la[;kvksa ds xq.kuQy ds ;ksx ds :i esa O;Dr dj ldrs gSA  

 vFkkZr~ A = a


 + b


   (;gka  vkSj  okLrfod la[;k,sa gSA)  

 vFkkZr~ ge dg ldrs gs fd A  dks nks lfn'k ?kVdks a


  o b


  esa fo;ksftr fd;k x;k gSA  

 

 a


 vkSj b


 Øe'k% a


 vkSj b


 ds vuqfn'k gSA vFkkZr~ fn;s x;s ,d lfn'k dks nks lfn'kksa ds leqPp; ds vuqfn'k 

lfn'k ?kVdksa eas fo;ksftr dj ldrs gsA ;s nksuksa ,d gh ry esa fLFkr gksrs gsA 

 ledks.kh; ?kVdksa ds vuqfn'k fo;kstu % 

 ,d lkekU; lfn'k dks ledks.kh; funsZ'k rU=k dh v{kksa ds vuqfn'k fp=kkuqlkj ,dkad lfn'kksa (tSls x, y vkSj z v{k ds 

vuqfn'k ,dkad lfn'k  ĵ,î  vkSj k̂ ½ ds vuqfn'k fo;ksftr djuk vklku gSA  
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 f}fofe; fo;kstu : 

 ,d lfn'k A  dh dYiuk djks tks fp=kkuqlkj xy ry esa fLFkr gSA  

    

  A  = 1A  + 2A          

  1A  =  x
ˆA i ,  2A  = y

ˆA j    A =  x
ˆA i + y

ˆA j   

 jkf'k;k¡ Ax o Ay Øe'k% lfn'k A  ds x rFkk  y ?kVd dgykrs gSA Ax Loa; lfn'k ugha gSA ijUrq x
ˆA i  o y

ˆA j  ,d 

lfn'k jkf'k gSA 

  Ax = A cos  vkSj Ay = A sin 

 
 mijksDr lehdj.k ls fl) gksrk gS fd fdlh lfn'k ds ?kVd /kukRed]_.kkRed o 'kwU; dqN Hkh gks ldrs gSA ;g  

ds eku ij fuHkZj djrs gSA ,d lfn'k A  dks fdlh ry es nks çdkj ls çnf'kZr dj ldrs gSA 

(a) bldks ifjek.k A o x-v{k dh fn'kk }kjk cuk;s x;s   dks.k ds :i esa vkSj 

(b) bldks Ax o  Ay ds ?kVdksa :i esa 

 A = 2 2

x yA A ,  = tan1 
y

x

A

A
  

 uksV : ;fn A = Ax  Ay = 0 vkSj ;fn  A = Ay   Ax = 0  gks 

 vFkkZr~ lfn'k ds ?kVd Loa; ds yEoor~ ges'kk 'kwU; gksrs gSA  

 çR;sd lfn'k ds yEcor~ ?kVdks dk ;ksx rFkk nksauks lfn'kksa ds ;ksx ds yEcor~ ?kVd vkil esa vyx&vyx 

cjkcj gksrs gSA vFkkZr~ C


 = A


 + B


 gS rks  

 
 Cx = Ax + Bx  rFkk Cy = Ay + By            
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 f=kfofe; fo;kstu % f=kfofe; fn'kk esa fdlh lfn'k A  dks x, y rFkk z-v{k ds vuqfn'k ?kVdksa ds :i esa fuEu çdkj ls 

fy[k ldrs gS : 

 OP
  = OB

  + BP
  = OC

  + BC
  + BP

   

  A  = ZA


+ xA


+ yA


= xA


+ yA


+ ZA


 = kAjAiA zyx


  

 A = 2 2 2

x y zA A A       

 Ax = A cos , Ay = A cos , Az = A cos   

;gka cos , cos  vkSj cos  dks fn;s x;s lfn'k A dh fnd~ dksT;k,a 

(Direction Cosines) dgrs gSA  

 cos2  + cos2  + cos2  = 1 
 

 

Solved Example 

Example 1. 2 kg dk nzO;eku urry ij fp=kkuqlkj j[kk gSA blds Hkkj dks urry ds vuqfn'k o yEcor~ ?kVdksa esa 

fo;ksftr djksA (ekuk g = 10 m/s2) 

 
Solution : urry ds vuqfn'k ?kVd = 20 sin 30 = 10 N  

 

  urry ds yEcor~ ?kVd = 20 cos 30 = 10 3 N 

 

Example 2. ,d lfn'k {kSfrt ls 30º  dk dks.k cukrk gSA ;fn lfn'k dk {kSfrt ?kVd 250  gks rks lfn'k dk ifjek.k 

o m/okZ/kj ?kVd Kkr djks ?  

 

Solution :  ekuk lfn'k A  gS  

  Ax = A cos30° = 250 = 
A 3

2
  A = 

500

3
  

 

  Ay = A sin30° = 
500

3
× 

1

2
 =

250

3
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Example 3. A  = î + 2 ĵ – 3 k̂  gSA tc ,d lfn'k B  dks lfn'k A  esa tksM+k tkrk gS rks x-v{k ds vuqfn'k ,dkad 

lfn'k çkIr gksrk gSA lfn'k B  Kkr djks rFkk bldk ifjek.k Hkh crkvks ?  

Solution : A  + B  =  î  

  B = î  – A  = î  – ( î  + 2 ĵ  – 3 k̂ ) = – 2 ĵ  + 3 k̂  

  |B | = 22 )3()2(   = 13   
 

Example 4. mijksDr ç'u esa B  ds vuqfn'k ,dkad lfn'k Kkr djks ? 

Solution : B̂  = 
B

B
 = 

ˆ ˆ2 j 3k

13

 
 

 

Example 5. lfn'k A , B  vkSj C  ds ifjek.k Øe'k% 5, 5 2  vkSj 5 gSA A , B  vkSj C


 dh fn'kk;sa Øe'k% iwoZ] mÙkj&iwoZ  vkSj 

mÙkj dh vksj gSA ;fn î  vkSj ĵ  Øe'k% iwoZ o mÙkj fn'kk ds vuqfn'k ,dkad lfn'k gks rks A  + B  + C  dks î , ĵ   

ds inksa esa O;Dr djks  rFkk ifj.kkeh lfn'k dk ifjek.k o fn'kk Hkh crkvks \ 

Solution : A  = 5 î  

  C


 = 5 ĵ   

  B  = 5 2  cos 45 î  + 5 2  sin 45 ĵ  = 5 î  + 5 ĵ  

  A + B + C


= 5 î +5 î + 5 ĵ +5 ĵ  = 10 î  + 10 ĵ  

  | A + B  + C


| = 2 2(10) (10) = 210  

  tan  = 10/10 = 1   = 45º iwoZ ls 

A

C

B

mÙkj

iwoZ

 

 

Example 6. rqe 3 Km if'pe esa rRi'pkr~ 60º iwoZ ls mÙkj dh vksj 4 Km pyrs gks rks fuEu fof/k;ksa }kjk ifj.kkeh 

foLFkkiu Kkr djksA  

  (a) xzkQh; fof/k    (b) lfn'k ?kVdksa dk mi;ksx djdsA 

Solution : rhu lfn'kksaa ds }kjk cuk;k x;k f=kHkqt] ledks.k f=kHkqt ugha gSA blfy, rhuksa lfn'kksa ds ifjek.k ikbFkksxksjl 

çes; ls lEcfU/kr ugha gSA ge nksauks lfn'kksa dk fp=k cukdj ifj.kkeh çkIr dj ldrs gS rFkk mldh yEckbZ 

ekidj mldh fn'kk Hkh Kkr dj ldrs gSA  

 
(a)  ;fn ge çFke foLFkkiu lfn'k dks 3 cm yEch js[kk ls çnf'kZr djsa rFkk f}rh; dks 4 cm yEch js[kk ls 

çnf'kZr djsa rks gesa ifj.kkeh dh yEckbZ yxHkx 3.5 cm çkIr gksxhA vr% ifj.kkeh foLFkkiu 3.5Km 

gksxkA ifj.kkeh foLFkkiu rFkk if'pe fn'kk ds e/; cuus okyk dks.k  *Mh* (pkans) dh lgk;rk ls ekik 

tk ldrk gSA ;g yxHkx 75° gSA  

(b)  

1. ekuk A


 çFke foLFkkiu gS vkSj x-v{k dks iwoZ fn'kk ekuk gSA lehdj.kksa ls Ax rFkk Ay Kkr djrs gSA 

   Ax = – 3, Ay = 0   

2. blh çdkj, nwljs foLFkkiu B


 ds ?kVd Kkr djrs gSA 

  Bx = 4cos 60° = 2, By = 4 sin 60° = 32   
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3. ifj.kkeh foLFkkiu ds ?kVd C


= A


+B


 ds ;ksx ls feyrk gSA  

  C


 = î)23(–  + ĵ)32( = – î + ĵ32  

4. ikbFkkxksjl çes; ls C


 dk ifjek.k feyrk gSA 

  C =  22 321  = 13 = 3.6  

5. Cy o Cx dk vuqikr C


 o x v{k ds e/; dks.k  dk tangent nsrk gSA 

  tan  = 
1

32


  = – 74°  

fVIi.kh : pwafd foLFkkiu iwNk x;k gS (tksfd lfn'k jkf'k gS) vFkkZr~ mÙkj esa ifjek.k ds lkFk&lkFk fn'kk Hkh 

lfEefyr gksxh ;k nksauks ?kVd lfEefyr gksaxsA ç'u (b) esa ge in 3 ij :d tk;saxs D;ksafd x rFkk y ?kVd 

foLFkkiu lfn'k dks iw.kZr% ifjHkkf"kr djrs gSA ge Hkkx (a) ds mÙkj dh (b) ds lkFk rqyuk dj ldrs gSA 

(b) ds 5 in ij /;ku nsa] dsYdqysVj –74° dks.k nsrk gSA ysfdu dsYdqysVj ;g vUrj Li"V ugha djrk gS 

dkSulk ?kVd x  ;k y _.kkRed gksxkA ge fp=k ls ns[k ldrs gS fd ifj.kkeh foLFkkiu _.kkRed x–v{k ls 

75° dk dks.k cukrk gS rFkk /kukRed x v{k ls yxHkx 105° dks.k cukrk gSA ;g gekjs ekiu dh ifjHkk"kk ls 

(a) ds ifj.kkeksa dk leFkZu djrk gSA 

———————————————————————————————————  
5.6. lfn'kksa dk xq.kuQy ¼vfn'k o lfn'k xq.kuQy½ 

5.6.1 vfn'k xq.ku 

 nks lfn'kksa A  o B  dk vfn'k xq.kuQy ;k fcUnq xq.kuQy A . B  ( A MkWV B ) ls çnf'kZr fd;k tkrk gSA bldks bu 

lfn'kksa ds ifjek.kksa o muds chp ds dks.k dh dksT;k ds xq.ku ds :i esa O;Dr djrs gSA vFkkZr~  A .B = AB cos  

{;gka  nksuksa lfn'kksa ds chp dk dks.k gSA} 

 xq.k/keZ %  

 ;g ges'kk vfn'k gksrk gSA ;fn nksuksa ds chp dk dks.k U;wudks.k (i.e. < 90º) gS rks ;g /kukRed gksxk vkSj ;fn 

dks.k vf/kd dks.k (i.e. 90º <   180º) gks rks ;g _.kkRed gksxkA 

 ;g Øe fofue; dk ikyu djrk gSA vFkkZr~ A .B  = B . A  

 ;g forj.k fu;e (distributive law)  dk ikyu djrk gS vFkkZr~ A . (B  + C


) = A .B + A . C


 

 ifjHkk"kk ls A .B = AB cos rks nksuksa lfn'kksa ds chp dks.k  = cos1 
A.B

AB

 
 
  

 

 A .B  = A(B cos ) = B (A cos ) 

 T;kferh; :i ls fp=kkuqlkj B cos  lfn'k B  dk lfn'k A  ij 

ç{ksi gS vkSj A cos   lfn'k A  dk B  ij ç{ksi gSA blfy, A .B  

dks A  ds ifjek.k o B  dk A  ds vuqfn'k ?kVd ds xq.kuQy ds 

:i esa O;Dr djrs gS vkSj bldk foijhr Hkh lR; gSA 
  

 B  dk A  ds vuqfn'k ?kVd =  B cos= 
A.B

A
 = Â .B  
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 A  dk B  vuqfn'k ?kVd =  A cos= 
A.B

B
 = A . B̂     

 nks lfn'kksa dk vfn'k xq.kuQy vf/kdre gksrk gS] tc cos  = vf/kdre = 1, vFkkZr~  = 0º  vFkkZr~ lfn'k 

lekUrj gks        ( A .B )vf/kdre = AB 

 ;fn nks v'kwU; lfn'kksa dk vfn'k xq.kuQy 'kwU; gks rks lfn'k ,d nwljs ds yEcor~ gksaxsA fdlh lfn'k dk Loa; 

ds lkFk vfn'k xq.kuQy Lo vfn'k xq.ku dgykrk gSA 

  ( A )2  = A . A  = AAcos0º = A2  

    A = A.A   

 ,dkad lfn'k n̂  dh fLFkfr esa 

  n̂ . n̂  = 1 × 1 × cos 0º = 1  

     n̂ . n̂  = î . î  = ĵ . ĵ  = k̂ . k̂  = 1  

 yEcor~ ,dkad lfn'kksa î , ĵ  vkSj k̂  dh fLFkfr esa î . ĵ = ĵ . k̂ = k̂ . î = 0 

 A . B = ( î Ax + ĵ Ay + k̂ Az)  ( î Bx + ĵ By + k̂ Bz) = [AxBx + AyBy + AzBz] 
 

Solved Example 

Example 1. ;fn lfn'k P  = a î + a ĵ + 3 k̂  vkSj Q


 = a î  – 2 ĵ  – k̂  ,d nwljs ds yEoor~ gks rks a dk eku Kkr djks ? 

Solution : ;fn lfn'k P  vkSj Q


 yEcor~ gS rks  

   P · Q


 = 0   (a î  + a ĵ  + 3 k̂ ) . (a î  – 2 ĵ  – k̂ ) = 0 

   a2 – 2a – 3 = 0   a2 – 3a + a – 3 = 0 

   a(a – 3) + 1(a – 3) = 0  a = –1, 3 
 

 

Example 2. 3 î   + 4 ĵ  dk î  + ĵ  ds vuqfn'k ?kVd Kkr djks ?  

Solution : lfn'k A dk B  ds vuqfn'k ?kVd 
A B

B


  ls fn;k tkrk gSA 

  = 
ˆ ˆ ˆ ˆ(3i 4 j) ( i j)

2

  
=

7

2
  

 

Example 3. A  = 3 î + 4 ĵ  vkSj B  = 12 î  + 5 ĵ  ds chp dks.k Kkr djks ? 

Solution : ge tkurs gS fd  cos  = 
A B

AB


 = 

2 2 2 2

ˆ ˆ ˆ ˆ(3i 4 j) (12i 5 j)

3 4 12 5

  

 
 

    cos  = 
36 20

5 13




 = 

56

65
      = cos–1 

56

65
 

———————————————————————————————————  

5.7. lfn'k xq.ku 

 nks lfn'kksa A  vkSj B  dk lfn'k xq.ku ;k ØkWl xq.ku A   B  ds :i esa fy[kk tkrk gS vkSj A ×B  dks fuEu çdkj 

ifjHkkf"kr djrs gSA 

 A B  = AB sin  n̂   

 | A  × B | = AB sin , ;gka  nksuksa lfn'kksa ds chp dk dks.k gS rFkk n̂  dh fn'kk nka;s gkFk ds vaaxwBs ds fu;e }kjk nh 

tkrh gSA 
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 nkafgus gkFk&vaxwBs dk fu;e :

 n̂  dh fn'kk Kkr djus ds fy;s nks lfn'k A  vkSj B  dks mudh iwaN ls iawN feykdj [khapksa vc viuh f[kaph gqbZ 

nkfgus gkFk dh gFksyh dks A  vkSj B  ds ry ds yEcor~ bl izdkj j[kksa fd vaxwfy;ka lfn'k A  ds vuqfn'k gks vkSj 

tc vaxwfy;ka gFksyh dh rjQ ewM+s ;k can gks rks og B  dh rjQ tk;sa rks vaxwBs dh fn'kk gh n̂  dh fn'kk gksxhA  



n

B

A

V = A × B

 

 xq.k/keZ % 

 nks lfn'kksa dk lfn'k xq.kuQy ,d lfn'k gksrk gS vkSj nksuksa lfn'kksa ds ry ds yEcor~ gksrk gS vFkkZr~ nksuksa 

lfn'kksa A

 o B


  ds yEcor~ gksrk gSA pkgs lfn'k A


o B


 yEcor~ gks ;k u gksA 

 lfn'k xq.ku Øe fofue; fu;e dk ikyu ugha djrk gS] vFkkZr~ A B   B A .  

 ijUrq | A B |  = | B A |  = AB sin  

 lfn'k xq.ku forfjr gksrk gSA tc lfn'kksa dk Øe fuf'pr gks vFkkZr~ A (B C)   = A B  + A C . 

 tc sin = vf/kdre = 1, vFkkZr~,  = 90º gks rks nks lfn'kksa dk lfn'k xq.kuQy vf/kdre gksxkA 

 n̂BA]BA[


 vf/kdre  vFkkZr~ ;fn lfn'k yEc dks.kh; gks rks mudk lfn'k xq.kuQy vf/kdre gksrk gSA 

 tc |sin| = U;wure = 0, vFkkZr~  = 0º ;k 180º gks rks nksauks v'kwU; lfn'kksa dk lfn'k xq.kuQy U;wure gksxkA 

0]BA[  wureU;


vFkkZr~ ;fn nks v'kwU; lfn'kksa dk lfn'k xq.kuQy 'kwU; gS rks lfn'k lajs[kh; gksrs gSA 

 Note : tc  = 0º gks rks lfn'k] lekulfn'k ;k lekUrj lfn'k dgykrs gS rFkk tc  = 180º gks rks lfn'k 

vleku lfn'k ;k çfrlekUrj lfn'k dgykrs gSA 

 fdlh lfn'k dk Loa; ds lkFk lfn'k xq.kuQy Lo lfn'k xq.ku dgykrk gS rFkk ;g 'kwU; lfn'k gksrk gSA   

  A A  = AA sin 0º n̂  = 0 . 

 Note : 'kwU; lfn'k % og lfn'k ftldk ifjek.k 'kwU; gksrk gS] 'kwU; lfn'k dgykrk gSA 'kwU; lfn'k dh fn'kk 

vfu/kkZfjr gksrh gSA 

 ,dkad lfn'k n̂  dh fLFkfr esa, n̂   n̂  = 0


   ˆ ˆ ˆ ˆ ˆ ˆi i j j k k      = 0


  

 yEcor~ ,dkad lfn'kksa î , ĵ  vkSj k̂  dh fLFkfr esa î . ĵ  = ĵ . k̂  = k̂ . î = 0,   

  ˆ ˆ ˆi j k   ˆ ˆ ˆj k i   ˆ ˆ ˆk i j    

 

 ?kVdksa ds inksa esa,  A B  = x y z

x y z

ˆ ˆ ˆi j k

A A A

B B B

 = 
y z x yx z

y z x yx z

A A A AA Aˆ ˆ ˆi j k
B B B BB B

   

 A B  = y z z y z x x z x y y x
ˆ ˆ ˆi(A B A B ) j(A B A B ) k(A B A B )      
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 ;fn ,d lekUrj prqHkZqt dh vklUu Hkqtk,a lfn'k A  o B  }kjk iznf'kZr dh tk;s rks lekUrj prqHkqZt ds 

{ks=kQy dk ifjek.k | A B |  gksxkA 

   

Solved Example 

Example 1. A  iwoZ dh rjQ o B  uhps dh rjQ gS rks A  × B  dh fn'kk Kkr djks ? 

Solution : nka;s gkFk ds vaxwBs ds fu;e ls A  × B  dh fn'kk mÙkj dh rjQ çkIr gksrh gSA 

Example 2. ;fn A B  = | A ×B |  gks rks A  o B  ds chp dks.k Kkr djks \ 

Solution : A B = | A ×B |    AB cos  = AB sin tan  = 1   = 45º 

Example 3. nks lfn'k A  o  B  ,d nwljs ls   dks.k ij fLFkr gS rks A  o  B  ds yEcor~ ,dkad lfn'k Kkr djks \ 

Solution : A ×B = AB sin  n̂   

  n̂  =
A B

ABsin




 ;gka n̂  nksuksa lfn'kksa A  o B  ds yEcor~ gSA 

Example 4. ;fn A  = î  – 2 ĵ  + 4 k̂  vkSj B  = 2 î  – ĵ  + 2 k̂  gks rks A × B  Kkr djksA 

Solution : A × B = 

ˆ ˆ ˆi j k

1 2 4

2 1 2





= î (– 4 – (–4)) – ĵ (2 – 12) + k̂ (–1–(–6)) = 10 ĵ  + 5 k̂  

MISCELLANEOUS PROBLEMS 
Problem 1. fuEu ds eku Kkr djksaA 

   (a)  sin ( )   (b)  cos ( )    (c)  tan ( )     

   (d) cos (
2


 )   (e)  sin (

2


+ )    (f)  cos (

2


+ )  

  (g)  sin (  )   (h)  cos (  )    (i)   sin (
2

3
 )  

  (j) cos (
2

3
 )   (k)  sin (

2

3
 + )   (l)  cos (

2

3
 + ) 

  (m)  tan (
2


 )  (n) cot (

2


 )  

Answer : (a) – sin     (b) cos    (c) – tan   (d) sin   (e) cos   

  (f) – sin       (g) sin    (h) – cos   (i) – cos   (j) – sin   

  (k) – cos    (l) sin     (m) cot    (n) tan     

Problem 2.  

Problem 3. (i) m ds fdl eku ds fy, lfn'k A  = 2 î + 3 ĵ  – 6 k̂ ,B  = 3 î  – m ĵ  + 6 k̂   yEcor~ gksaxsA  

  (ii) A  = 2 î  + 3 ĵ  dk î  + ĵ  dh fn'kk esa ?kVd Kkr djks ? 

Answer : (i) m = –10 (ii) 
5

2
. 

 

Problem 4. (i)  A  mÙkj&iwoZ dh rjQ vkSj B  uhps dh rjQ gS rks A  × B  dh fn'kk Kkr djksA 

  (ii)  ;fn A   = 3 î  – 2 ĵ  + 6 k̂  vkSj B  = î   – ĵ  + k̂  gks rks B  × A  Kkr djksA 

Answer : (i)  mÙkj&if'pe      (ii)  – 4 î – 3 ĵ + k̂   
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