Center of Mass ﬂ—

Il High Level Problems (HLP)

= Marked Questions can be used as Revision Questions.

SUBJECTIVE QUESTIONS

1. A uniform rope of linear mass density A and length 7 is coiled on a smooth horizontal surface. One end
is pulled up with constant velocity v. Then find average power applied by the external agent in pulling
the entire rope just off the ground?

2. In the above question the maximum power delivered by the agent in pulling up the rope is
3. A particle is projected from point O on the ground with velocity u = S\Em/s at angle o = tan™! (0.5). It

strikes at a point C on a fixed smooth plane AB having inclination of 37° with horizontal as shown in
figure. If the particle does not rebound, calculate.

5J5 m/s B

I¢ » A D

(10/3) m
(a) coordinates of point C in reference to coordinate system as shown in the figure.
(b) maximum height from the ground to which the particle rises. (g = 10 m/s?)

4. Two blocks A & B of mass ‘m’ & 2m respectively are joined to the ends of an undeformed massless
spring of spring constant ' k '. They can move on a horizontal smooth surface. Initially A & B have
velocities 'u ' towards left and '2 u' towards right respectively. Constant forces of magnitudes F and 2 F
are always acting on A and B respectively in the directions shown. Find the maximum extension in the

spring during the motion.
m 2m
F k 2F
uUu<e——A L MWW B — 2u
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5. Two identical buggies 1 and 2 with one man in each move without friction due to inertia along the
parallel rails toward each other. When the buggies got opposite to each other, the men exchange their
places by jumping in the direction perpendicular to the direction of motion. As a consequence, buggy 1
stops and buggy 2 keeps moving in the same direction, with its velocity becoming equal to v. Find the
initial velocities of the buggies vi and vz if the mass of each buggy (without a man) equals M and the
mass of each man is m.

6. Two identical buggies move one after the other due to inertia (without friction) with the same velocity vo.
A man of mass m rides the rear buggy. At a certain moment the man jumps into the front buggy with a
velocity u relative to his buggy. Knowing that the mass of each buggy is equal to M, find the velocities
with which the buggies will move after that.

Reg. & Corp. Office : CG Tower, A-46 & 52, IPIA, Near City Mall, Jhalawar Road, Kota (Raj.) — 324005

®
/\ Qesonance Website : www.resonance.ac.in | E-mail : contact@resonance.ac.in

Educating for better tomorrow Toll Free : 1800 258 5555 | CIN : UB0302RJ2007PLC024029



mailto:contact@resonance.ac.in
http://www.resonance.ac.in/reso/results/jee-main-2014.aspx

Center of Mass ﬂ—

7. Two men, each of mass m, stand on the edge of a stationary buggy of mass M. Assuming the friction to
be negligible, find the velocity of the buggy after both men jump off with the same horizontal velocity u
relative to the buggy: (i) simultaneously; (ii) one after the other. In what case will the velocity of the
buggy be greater and how many times?

8. A stationary pulley carries a rope whose one end supports a ladder with a man and the other end the
counterweight of mass M. The man of mass m climbs up a distance ¢' with respect to the ladder and
then stops. Neglecting the mass of the rope and the friction in the pulley axle, find the displacement
¢ of the centre of inertia of this system.

9. A particle of mass m1 experienced a perfectly elastic collision with a stationary particle of mass ma.
What fraction of the kinetic energy does the striking particle lose, if
(a) it recoils at right angles to its original motion direction;
(b) the collision is a head-on one?

10. Body 1 experiences a perfectly elastic collision with a stationary Body 2. Determine their mass ratio, if
(a) after a head-on collision the particles fly apart in the opposite directions with equal, velocities;
(b) the particles fly apart symmetrically relative to the initial motion direction of particle 1 with the angle
of divergence 6 = 60°.

11. A ball moving transitionally collides with another stationary ball of the same mass. At the moment of
impact the angle between the straight line passing through the centres of the balls and the direction of
the initial motion of the striking ball is equal to o = 45°. Assuming the balls to be smooth, find the
fraction n of the kinetic energy of the striking ball that turned into potential energy at the moment of the
maximum deformation.

12. Particle 1 moving with velocity v = 10 m/s experienced a head-on collision with a stationary particle 2 of
the same mass. As a result of the collision, the. kinetic energy of the system decreased by n = 1.0%.
Find the magnitude and direction of the velocity of particle 1 after the collision.

13. A particle of mass m having collided with a stationary particle of mass M deviated by an angle n/2
whereas the particle M start moving at an angle 6 = 30° to the direction of the initial motion of the
particle m. How much (in percent) and in what way has the kinetic energy of this system changed after
the collision, if M/ m =5.0?

14. A closed system consists of two particles of masses mi1 and mz2 which move at right angles to each
other with velocities v and vz Find:
(a) the momentum of each particle and
(b) the total kinetic energy of the two particles in the reference frame fixed to their centre of inertia.

15. A particle of mass m: collides elastically with a stationary particle of mass mz (m:1 > mz). Find the
maximum angle through which the striking particle may deviate as a result of the collision.

16. Three identical discs A, B, and C as shown in figure rest on a smooth horizontal plane. The disc A is set
in motion with velocity v after which it experiences an elastic collision simultaneously with discs B and
C. The distance between the centres of the latter discs prior to the collision is n times the diameter of
each disc Find the velocity of the disc A after the collision. At what value of n will the disc A recoil after
the collision; stop; move on?
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Center of Mass ﬂ—

17. A spaceship of mass mo moves in the absence of external ' forces with a constant velocity vo. To
change the motion direction a jet engine is switched on. It starts ejecting a gas jet with velocity u, which
is constant relative to the spaceship and directed at right angles to the spaceship motion. The engine is
shut down when the mass of the spaceship decreases to m. Through what angle o did the motion
direction of the spaceship deviate due to the jet engine operation?

18. Two smooth spheres of the same radius, but which have different masses m1 & m2 collide inelastically.
Their velocities before collision are 13 m/s & 5 m/s respectively along the directions shown in the figure

in which cotf = % An observer S’ moving parallel to the positive y - axis with a constant speed of
5m/s observes this collision. He finds the final velocity of m: to be 5m/s along the y - direction and the

total loss in the kinetic energy of the system to be 7—12 of its initial value. Determine;

V% 5m/s
g
€) The ratio of the masses
(b) The velocity of m: after collision with (respect to observer)
19. A cart of total mass Mo is at rest on a rough horizontal road. It ejects bullets at rate of A kg/s at an angle

6 with the horizontal and at velocity ‘u’ (constant) relative to the cart. The coefficient of friction between
the cart and the ground is p. Find the velocity of the cart in terms of time ‘t’. The cart moves with sliding.

0

L ST & —

20. A bullet of mass M is fired with a velocity 50 m/s at an angle with the horizontal. At the highest point of

its trajectory, it collides head on with a bob of mass 3M suspended by a massless rod of length %m

and gets embedded in the bob. After the collision the rod moves through an angle 120°. Find

(a) The angle of projection.

(b) The vertical and horizontal coordinates of the initial position of the bob with respect to the point of
firing of the bullet. (g = 10m/s?)

21. A steel ball falling vertically strikes a fixed rigid plate A with velocity vo and rebounds horizontally. The
ball then strikes a second fixed rigid plate B and rebounds vertically as shown. Assuming smooth
surface and the effect of gravity on motion of ball is to be neglected. Determine

B

[}
[}
Jus
1
(a) The required angles o and B.
(b) The magnitude of the velocity va & v2. Consider coefficient of restitution for both plates as e.
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22.

23.

A small spherical ball undergoes an elastic collision with a rough horizontal surface. Before the
collision, it is moving at an angle 6 to the horizontal (see Fig). You may assume that the frictional force
obeys the law f = uN during the contact period, where N is the normal reaction on the ball and p is the
coefficient of friction.

Surface

> X
(a) Obtain 6m (u) so that the subsequent horizontal range of the ball after leaving the horizontal surface
is maximized.

(b) Find the allowed range for 6m.

Two skaters (A and B), each of mass 70 kg, are approaching each another on a frictionless surface,
each with a speed of 1 ms-1. Skater A carries a ball of mass 10 kg. Both skaters can toss the ball at
5 ms™! relative to themselves such that when A tosses the ball at t = 0 s to B then the ball leaves at
6 ms~! with respect to the ground. Further, they start (t = 0s) tossing the ball back and forth when they
are 10m apart (see Fig. (1). Assume that the motion is one dimensional, all collisions are completely

inelastic and that the time delay between receiving the ball and tossing it back is 1s.
: y

A ! B
] : ° L
|
—>1ms’’ : 1ms™ <— %

1

| T T

-5 v 5
Figure-1
(a) State initial momenta of skaters (just before t = 0 s).
PA = ; PB =

(b) Att = 0 s skater A tosses the ball to skater B. State momenta of both the skaters immediately after B
catches the ball.

|3A = ; |SB =
(c) Indicates the minimum number of tosses by each skater required to avoid collision.
Number of tosses by A = ; Number of tosses by B =

(d) Indicate motion of each skater on the following x—t plot if no tosses are made. [Note : For this and

next part you must select the scale on the time axis approximately. You may use a pencil for sketching].
x(in meters)

5

0 »t(in seconds)

-5
(e) Indicate motion of each skater on the following x—t plot from t = 0 s till just after one round trip by the

ball (from A to B and back to A).

X(in meters)
A

5

0 >t(in seconds)

-5

/\
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24,

25.

26.

27.

28.

A neutron is scattered through (= deviation from its original direction) 6 degree in an elastic collision

with an initially stationary deutron. If the neutron loses % of its initial K.E. to the deutron then find the

value of 0. (In atomic mass unit, the mass of a neutron is 1u and mass of a deutron is 2u).

A shell flying with velocity v = 500 m/s bursts into three identical fragments so that the kinetic energy of
the system increases n = 1.5 times. What maximum velocity can one of the fragments obtain?

A particle moves along a closed trajectory in a central field of force where the particle's potential energy
U = kr2 (k is positive constant, r is the distance of the particle from the centre O of the field). Find the
mass of the particle if its minimum distant; from the point O equals r1 and its velocity at the point
farthest from O equals va-

This problem is designed to illustrate the advantage that can be obtained by the use of multiple-staged
instead of single-staged rockets as launching vehicles. Suppose that the payload (e.g., a space
capsule) has mass m and is mounted on a two-stage rocket (see figure). The total mass (both rockets
fully fuelled, plus the payload) is Nm.

1st Stage 2nd Stage  |Pay
load
la— m——
nm
Nm

The mass of the second-stage rocket plus the payload, after first-stage burnout and separation, is nm.
In each stage the ratio of container mass to initial mass (container plus fuel) is r, and the exhaust speed
is V, constant relative to the engine. Note that at the end of each state when the fuel is completely
exhausted, the container drops off immediately without affecting the velocity of rocket. Ignore gravity.

(a) Obtain the velocity v of the rocket gained from the first-stage burn, starting from rest in terms of
{V,N,n,r}

(b) Obtain a corresponding expression for the additional velocity u gained from the second stage burn.
(c) Adding v and u, you have the payload velocity w in terms of N, n, and r. Taking N and r as
constants, find the value of n for which w is a maximum. For this maximum condition obtain u/v.

(d) Find an expression for the payload velocity ws of a single-stage rocket with the same values of
N, r, and V

(e) Suppose that it is desired to obtain a payload velocity of 10 km/s, using rockets which V = 2.5km/s
and r = 0.1. Using the maximum condition of part (c) obtain the value of N if the job is to be done with a
two-stage rocket.

A (trolley + child) of total mass 200 kg is moving with a uniform speed of 36 km/h on a frictionless track.
The child of mass 20 kg starts running on the trolley from one end to the other (10 m away) with a
speed of 10 m s~ relative to the trolley in the direction of the trolley’s motion and jumps out of the trolley
with the same relative velocity. What is the final speed of the trolley? How much has the trolley moved
from the time the child begins to run and just before jump?

/\
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Bl HLP Answers

1. M—z"g +av? 2. ALQV + V3 3. (a) (5m, 1.25m) (b) 4.45 m.
AF+ \16F2 +54amuk
4, Xmax = 3K 5. vi=—mv/(M—-m), v2 = Mv/ (M —m)
m mMu
6. Viear = V0o — u; Vront = Vo + —_—
M+m (M+m)
7. (yvi= ———— 2mu (ii) vz = _—m(2M+3mu_ , V2 > v1 by a factor of (@M+3m)
(M +2m) (M+m)(M +2m) (2M + 2m)
8. (=rmi2M 9. (@) n = 2mu/(m1 + m2);  (b)n = 4m1—”‘22
(my +mj)
10 (@™ =3 () 2L =1+ 2¢c0s0 = 2.0 11. 1= costa=0.25
m, m, 2

12. Will continue moving in the same direction, although this time with the velocity v’ = (1 — ,}1 -2n )v/2. For

n << 1 the velocity v’ = nv/2 = 5 cm/s.
13. AT/ T = (1 + m/M) tan?0 + m/M — 1 = —-40%

14, @p-= u«fvf +v22 i (b)) T=1/2( v12 +v22) . Here u = mimz/(m1 + my)
15. SiNBmax = M2/m1

16. V' =—v (2 —n? /(6 — n?). Respectively at smaller n, equal, or greater than /2

17. o=(ug)in(mo/m) 18. (a) % = % (b) 9 m/s
2
19. V= (ucos@—wsinﬁ)én[ﬁ)—ugt 20. (@) 37° (b)x=120mand y = 45 m
v

21. tano = \/E,V1= \/Evo, cotp = \/E, V2= evo
22. (@) om = %cot‘l(ZM) (b) Possible range of 6m: 6m € 10, w/4]

23. (a) P, =80 kg.m.stor P, =70i kg.m.s; P,=—70 i kg.m.s
(b) P, =20i kg.m.s%; B, =—10 i kg.m.stor P, =—70/8i kg.m.s!

(c)A=1,B=1
(d) See Fig.
x (in meters)
Motion of skater B
] (in seconds)
0 1 3 5 6 7 8 910
Motion of skater A “4“"____'__ TTITTYTTRT
-5
Figure 1:
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Center of Mass H—

(e) See Fig.
X (in meters)
) 5 .
Motion of e Coordinates (x,t)
skater B ---E‘»i——- ''''' =il 8 P, =(3.6,1.4)
Pr——— P,= (3.5,2.4)
R - SR S P,=(-3.9,3.8)
(in seconds)
0 1 2 3 4
R SO SUUDE S PP PPN S I
Motion of I T i s by sy » ik
skater A _g >

Figure 2:

24. 90 25. Vmax = V(1 + \/2( ' 117) = 1.0 km per second f&eiificr Uf FHvE 26,  m = 2kri?/va2.

27. (a) Variable mass equation gives

dav - dm

ma = Fexternal + Vrelative E

No gravity hence Foyema =0+ Viepaive =V - SOIViNg rocket equation

= v=vin )

m¢
Here initially mass mi = Nm 2
Final mass ms = [Nr + n(1 — r)]m 3)

(b) Now mi = nm, ms = m(nr + 1 — r). Equation (1) yields
U=Vin—" (4)
nr+1-r
(c) From equation (3 to 4)
In Ny
[Nr+n(1=r)] [nr +1—r]

o=V VIn f(n)

Maximizing o is equivalent to maximizing f(n). Differentiating and setting equal to zero, we obtain

ne N Y IN[VNAryN + (@)} i

vV In[N/Nr+N@-1)}] ®)

where we have used equation (1 and 4)
(d) Here mi = Nm and ms = m + r(Nm — m). Using equation (1)

N

ws =VIn ———
Nr+1-r

N

r\/ﬁ+1—r
For the desired value of w, N = 649.4. Answer should be an integer number for the number of state.
Hence N = 650.

28. Im/s, 9m

(e) Payload velocity w=u+v=2Vlin
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